DYNAMIC CHEAP TALK WITHOUT FEEDBACK

ABSTRACT. We study a dynamic sender-receiver game in which the state evolves ac-
cording to a Markov chain observed by the sender, who does not observe the receiver’s
action. Despite the absence of feedback, dynamic interaction remains valuable. We
show that long-run interaction partially restores commitment: any equilibrium payoff
of a persuasion model with partial commitment, where the sender can deviate only to
signaling policies that preserve the marginal distribution over messages, as well as any
convex combination of such payoffs across distributions over messages, can be achieved
as a uniform equilibrium payoff in the dynamic game. When the sender’s payoff is state-
independent, she fully bridges the commitment gap and achieves the Bayesian persuasion

payoff.

1. INTRODUCTION

Dynamic interactions rely on feedback. An expert with valuable information has to
decide when and how to reveal information to a decision maker. The expert provides
information conditional on the decision maker’s good behaviour but can punish him by
not providing further information when he deviates (carrot-and-stick policy). However,
in many environments, such feedback is absent: the expert does not observe the decision
maker’s actions. Can dynamic interaction still be valuable in such settings? If so, what
are the limits of what can be achieved without feedback?

We consider an infinite-horizon dynamic cheap talk model. In each period, the sender
privately observes the current state and sends a message to the receiver, who then chooses
an action. The action is not disclosed to the sender (i.e., there is no feedback). The
players’ payoffs depend only on the current state and the receiver’s action, and the state
evolves over time according to a Markov chain.

Despite the absence of feedback, dynamic interaction remains valuable. The key ob-
servation is that, although the sender does not observe the receiver’s actions, the receiver
observes the entire history of messages. This allows him to monitor the sender’s behavior
over time using using statistical tests based on message frequencies. A single message
cannot reveal whether the sender has deviated. However, over time, the receiver can
collect data on the messages and check whether their distribution matches what is pre-
scribed. If the sender deviates in a detectable way, the receiver can respond by no longer

following her recommendations. As a result, if the prescribed strategy is optimal for the
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sender among all undetectable deviations—those that preserve the empirical distribution
over messages—outcomes beyond those achievable in the one-shot game can be achieved.

Our main result (Theorem 1) shows that any equilibrium payoff of the persuasion model
with partial commitment—where the sender can deviate only to signaling policies that
preserve a fixed distribution over messages—can be achieved as a uniform equilibrium
payoff in the dynamic game. Moreover, any convex combination of such payoffs across
message distributions can also be achieved. This static persuasion model is closely related
to the model of Lin and Liu (2024). We show that it is without loss to focus on direct
signaling policies in which the sender recommends an action to the receiver (Proposi-
tion 1). In this formulation, equilibrium is characterized by the receiver following the
recommended action and by the sender having no profitable deviations among policies
that preserve the marginal distribution over messages, where the prior is the invariant
distribution of the Markov chain.

Thus, dynamic communication without feedback partially restores commitment, im-
proving the sender’s payoff relative to the one-shot cheap talk game. In particular, when
the sender’s payoff is state-independent, the sender can fully bridge the commitment gap
and achieve the Bayesian persuasion payoff, which is the maximal payoff attainable even
under full commitment.

The intuition is as follows. The sender induces the same joint distribution over states
and recommendations in every period (in expectation), which is feasible under a pseudo-
renewal Markov chain. As a result, the empirical distribution over messages converges
to a fixed target that the receiver can monitor, making any deviation that alters it
detectable. Conditional on each recommendation, the induced beliefs match the desired
posterior, so the receiver optimally follows. Thus, the sender is effectively constrained
to deviations that preserve message frequencies, as in the static persuasion model with
partial commitment, and convex combinations are obtained by varying these frequencies
across blocks.

The previous result identifies a natural subset of uniform equilibrium payoffs. We next
examine how tight this characterization is. Example 2 shows that, in general, uniform
equilibrium payoffs need not lie in the convex hull of partial commitment payoffs. Propo-
sition 2 provides a necessary condition: equilibrium outcomes must be robust to a class
of undetectable deviations based on permutations of the state process. These deviations
preserve the statistical properties of the process and are therefore indistinguishable from
equilibrium play, following the approach of Renault, Solan, and Vieille (2013). Finally,
Proposition 3 shows that when states are i.i.d., this restriction becomes tight: all de-
viations that preserve message frequencies are feasible and undetectable, and the static
benchmark—the convex hull of equilibrium payoffs of the persuasion problem with partial

commitment—becomes exact. An implication is that this provides a micro-foundation



for the persuasion model with partial commitment.

Related Literature: Our paper relates to the growing literature on strategic com-
munication in dynamic environments where uncertainty evolves. For example, Renault,
Solan, and Vieille (2013), Escobar and Toikka (2013), Renault, Solan, and Vieille (2017),
Margaria and Smolin (2018) and Best and Quigley (2024).

In particular, our paper is closely related to Kuvalekar, Lipnowski, and Ramos (2022),
who also study a repeated cheap talk model without feedback. They consider an i.i.d.
environment and characterize Perfect Bayesian equilibrium payoffs for a fixed discount
factor via an equivalence to static cheap talk with money burning. In contrast, we con-
sider a Markovian setting and study uniform equilibrium payoffs. This leads to different
conclusions: for example, they show that the sender cannot achieve the Bayesian persua-
sion payoff even with very patient players, whereas in our setting she can. In particular,
when the sender’s preferences are state-independent, they show that repetition does not
improve the sender’s payoff at all, while in precisely this case we show that she can achieve
the Bayesian persuasion payoff.

Our equilibrium construction is based on quota mechanisms, where agents are required
to match prescribed message frequencies; see, for example, Jackson and Sonnenschein
(2007), Escobar and Toikka (2013) and Frankel (2016).

In particular, our approach is closest to Renault, Solan, and Vieille (2013), where the
receiver monitors message frequencies using quota-based tests. In their setting, the set
of undetectable deviations coincides exactly with state permutations, and the sender can
punish deviations by withholding information. In contrast, in our setting the sender
does not observe the receivers actions, which limits her ability to discipline him. This
leads the sender to provide action recommendations rather than report states; as a result,
state permutations remain a natural class of undetectable deviations, but are no longer
sufficient.

Our main result links the dynamic game to a static sender-receiver problem, connecting
our analysis to the literature on communication with partial commitment. In cheap talk
(Crawford and Sobel, 1982; Green and Stokey, 2007), the sender cannot commit, while
in Bayesian persuasion (Kamenica and Gentzkow, 2011), she fully commits to a signaling
policy. Our static benchmark lies in between: the sender can deviate to any policy that
preserves the marginal distribution over messages. This restriction is very closely related
to the notion of credibility in Lin and Liu (2024). The key difference is that in their
model the sender chooses the marginal distribution over messages, whereas in our setting
it is fixed ex ante. Moreover, in our dynamic environment players can achieve convex
combinations of such outcomes through long-run interaction.

More broadly, our static formulation relates to work that weakens commitment in

Bayesian persuasion, for example through noisy deviations or information constraints;



see, for instance, Le Treust and Tomala (2019); Min (2021); Lipnowski, Ravid, and
Shishkin (2022). Our contribution is to show that long-run interaction can substitute

for commitment, albeit only partially.

The rest of the paper is organized as follows. In section 2, we introduce the dynamic
cheap talk model with no feedback and discuss the value of commitment. In section 3,
we present the persuasion model with partial commitment and provide our main results.

In section 4, we conclude and discuss future work. All omitted proofs are in appendix A.

2. MODEL

We consider a dynamic game between two players: the sender (she) and the receiver
(he). The state of the world evolves over time in a discrete-timed infinite horizon. At
each period n € N, the sender observes the current state w, € {2 and sends a message
my, € M to the receiver. Upon observing the message m,, the receiver takes an action
a, € A. The action a, is not disclosed to the sender. The sender’s and the receiver’s
payoff in the period equals ug(w,, a,) and ug(w,, a,) respectively.!

The state evolves according to a Markov chain. Given the current state w,, the state
in the next period wy; is drawn according to the transition matrix Q(wpy1 | wy). We

assume the Markov chain is irreducible, aperiodic and pseudo-renewal.

Definition 1. A Markov chain {w, },, .y is pseudo-renewal if w # ©, then Q(w | ©) = a,

for some (ay,), > 0.

A Markov chain is pseudo-renewal if, for any two distinct states, the transition proba-
bility depends only on the destination state and not on the current state. For example,
this condition holds for the case of i.i.d chains or for any chain with binary states.>

Let 1 € A(Q) denote the unique invariant distribution of the Markov chain.® The
initial state w; is drawn according to u. The sets of states €2, actions A, and messages
M are all finite. We assume that |M| > |A|.

The players’ strategies map their information into choices. For the sender, a strategy
is a mapping o, : (Q x M)"~! x Q — A(M), which specifies a distribution over messages
given past states and messages and the current state. Without loss of generality, we
restrict attention to strategies that depend only on the current state and past messages.*
For the receiver, a strategy is a mapping 7, : (M x A)"~! x M — A(A), which specifies a
distribution over actions given past messages and actions and the current message. Given
INeither player observes realized payoffs. In particular, the sender does not observe the action a,,, while
the receiver does not observe the state w,,.
2Renault, Solan, and Vieille (2013, 2017) and Horner, Mu, and Vieille (2017) also analyze dynamic
sender-receiver games, where the Markov chain is pseudo-renewal.
3The invariant distribution satisfies Y owea Mw)Q(W' | w) = p(w') for all W' € Q.

4The sender does not gain from conditioning on past states because (i) the receiver does not observe
states and his strategy depends only on messages, and (ii) future states depend only on the current state.
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a strategy profile (o, 7), the d-discounted payoff of player i € {S, R} is

o0

(0,7) = Egr | (1= 0) D0 8" Mti(eon, an)] -

n=1

Uniform equilibrium: In the dynamic game, players do not observe their realized
payoffs, and equilibrium strategies typically vary with the discount factor. We focus
on sufficiently patient players and allow for approximate equilibria. We therefore adopt
uniform equilibrium as the solution concept: a payoff vector can be approximated by

equilibria of the discounted game for all sufficiently large discount factors.

Definition 2. A payoff vector v = (vs,vr) € R? is a uniform equilibrium payoff if
for every € > 0, there exists a 4y € (0,1) and a strategy profile (o*, 7*) such that for all
Y Z 607

(2.1) 72(0*,7‘*) +e>vg > 'yg(&, ") —€ Vo,

(2.2) 7;5%(0*’ ™) +e>g > 7}5{(0*,%) —€ VT.

A payoff vector ~ is a uniform equilibrium payoff if for every ¢ > 0, there exists
do € (0,1) and a strategy profile (¢*, 7%) such that for all § > o, it is an e-equilibrium
and yields a payoff within e of 7. Denote by U the set of all uniform equilibrium payoffs.

Value of Commitment: We show that the Bayesian persuasion payoff evaluated
at the invariant distribution is an upper bound on the sender’s equilibrium payoff. To
establish this result, we adopt a belief-based representation of the dynamic game, under
which payoffs can be tracked through the receiver’s beliefs.

In the dynamic game, the receiver updates his belief over the states based on sender’s
message. Since the state follows a Markov chain, beliefs evolve across periods. Let ¢; and
p: denote the receiver’s belief about the state w; before and after observing the message

at stage t, respectively. The transition matrix ) links the two beliefs:

Gi+1 = D Q.

Given the sender’s strategy o, in any e-equilibrium the receiver plays a best response
to his posterior belief in almost all periods. Since actions are unobserved, any deviation
to a myopic best response is profitable. Therefore, equilibrium payoffs can be tracked
using the receiver’s beliefs alone.

For i € {S, R}, define the indirect utility

i(p) = Eplui(w, a*(p))];

where a*(p) is the receiver’s best response given belief p.°

5If multiple actions are optimal for the receiver, we select the one preferred by the sender. Formally, let
A*(p) := argmax,¢ 4 Ey[up(w,a)], and define a*(p) := argmax, ¢ 4+ (,) Eplus(w, a)].

>



In any period, the sender’s strategy induces a Bayes-plausible distribution over poste-
rior beliefs, i.e., the expected posterior equals the prior. In the static persuasion model,
Kamenica and Gentzkow (2011) show that the sender’s maximal payoff, given prior 7, is
the concave envelope of the sender’s indirect utility, denoted by Cav ug(p).

The same reasoning applies period by period in the dynamic game. In period n, the
sender induces a Bayes-plausible distribution over posterior beliefs with prior ¢,. Hence,
her expected payoff in period n is at most Cav tig(g,). Therefore,

o0

(2.3) 78 < (1=0)) 8" 'E,[Cavis(gy)]
(2.4) < (1-9) i 6" 1Cav iig(Ey[gn])
(2.5) = Cav ug(p),

where the second inequality follows from Jensen’s inequality, and the last equality uses
Ey[gn] = p for all n. Thus, the Bayesian persuasion payoff at p is an upper bound in the
dynamic game.”

The stage game corresponds to cheap talk, where the sender cannot commit to how
messages are generated. Without commitment, the sender’s payoff is below the persuasion
benchmark. When preferences are state independent, Lipnowski and Ravid (2020) show
that the maximal payoff is given by the quasi-concave envelope of 4g. In this case, the
gap between the concave and quasi-concave envelopes captures the value of commitment
(see Figure la).

Our objective is to characterize how much of this gap can be recovered through dynamic
interaction without feedback. We show that the sender’s equilibrium payoff improves
upon cheap talk, and that when preferences are state independent, the sender attains the

Bayesian persuasion payoff.

3. MAIN RESULTS

Our main result partially characterizes the set of uniform equilibrium payoffs in terms
of a static persuasion model with partial commitment. We first define the static model.
We then show that any equilibrium payoff of the static model, and its convexification,
can be sustained as a uniform equilibrium payoff. Finally, we show that there may exist

equilibrium payoffs outside this set and provide a sufficient condition for equilibrium.

3.1. Persuasion with partial commitment. The key benchmark in our analysis is a
static persuasion model with partial commitment, in which the sender chooses a signaling
policy subject to a fixed marginal distribution over messages and can deviate only to
policies that preserve this marginal. This formulation is closely related to the notion of

6Renault, Solan, and Vieille (2017) obtain the same upper bound even when the sender can commit
against short-run receivers.



credibility in Lin and Liu (2024). The environment coincides with the stage game of the
dynamic model. In particular, the sets of states {2, messages M, and actions A, as well
as the payoff functions ug and ug, are the same as in the dynamic game.

Fix a prior 7 € A(Q2) and a distribution over messages ¢ € A(M). The set of feasible

signaling policies is

(3.1) X(m,A) = {p Q= AM) - Zw(w)p(m | w) = A(m) for all m € M} :

we

Consider a professor who assigns grades to a class of students. The set of grades is
M = {A B,C,D,E}. The university imposes a fixed distribution over grades, for example
A= (%, %, %, %, 1—10) The professor observes each student’s ability w € €2 and assigns
a grade according to a policy p : Q@ — A(M). The constraint requires that the fraction
of students receiving each grade matches . For instance, exactly 10% of students must
receive an A, regardless of the distribution over abilities.

The game proceeds as follows. The sender chooses a signaling policy p € X(m, A).
The receiver observes the realized message m € M and chooses an action according to a
response rule k : M — A(A). Given a strategy profile (p, k), player i’s expected payoff is

Zw(w) Z p(m | W)ZK(Q | m)u;(w,a), forie{S,R}.

weN meM acA
Let P(m, A) denote the persuasion model with partial commitment with prior 7 € A(2)
and distribution over messages A\ € A(M)

An equilibrium is a strategy profile (p, k) in which the receiver best responds to pos-
terior beliefs induced by each message and the sender cannot profitably deviate within
X(m, A). Let £(p, q) denote the set of equilibrium payoffs.

We say that a policy is a direct recommendation policy if messages correspond to action
recommendations, i.e., M = A. The following proposition shows that it is without loss

to focus on such policies.

Proposition 1. If A C M, then for any equilibrium (p,r) of P(m,\), there exists an
equivalent equilibrium (p,R) of P(w, 5\), where messages are action recommendations,

the receiver obeys them, and the induced marginal distribution over actions is given by
Aa) = e Alm)s(a [ m).

Intuitively, each message matters only through the action it induces, so any equilibrium
can be replaced by an equivalent one in which messages are action recommendations.”
This observation is also made in Lin and Liu (2024, Proposition 1).

In view of the above result, we henceforth restrict attention to direct recommendation
policies. Thus, M = A, and the sender chooses a recommendation policy p: Q@ — A(A),

where A(a) = Y 7(w)p(a | w) foralla € A. Any such policy induces an outcome

"Two strategy profiles are equivalent if they result in the same joint distribution over states and actions.
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v e A(Q x A) given by
v(w,a) =m(w)pla | w).
We will refer to v as the induced outcome.
An outcome v satisfies Bayes plausibility if its marginal over states equals w. The

receiver’s equilibrium condition reduces to obedience: for every a € A,

(Eq-R) Zl/(w,a) (ur(w,a) — up(w,b)) >0 Vbe A

w
The sender’s equilibrium condition is that no alternative outcome with the same

marginals yields a higher payoff:®

(Eg-S) Z [v(w,a) — D(w,a)]us(w,a) >0

for all 7 € A(Q2 x A) such that ) P(w,a) = 7m(w) and ) 7(w,a) = A(a).
It is convenient to describe outcomes in terms of the posterior beliefs they induce. Let

{Pa}aca denote the posterior belief following recommendation a, defined by

v(w,a)

Pl =
These beliefs satisfy Bayes plausibility, > ., A(a)p, = .

whenever A(a) > 0.

Obedience requires that each recommended action a is optimal given p,, i.e.,
a € arg I?&Xugzpa(w) ur(w,b) Va e A.

The sender’s payoff depends only on the induced distribution over posterior beliefs, and
her equilibrium condition is that no deviation to another collection of posterior beliefs
satisfying Bayes plausibility with weights A yields a higher payoft.

This persuasion model with partial commitment lies between Bayesian persuasion and
cheap talk. In Bayesian persuasion, the sender faces no restriction on the marginal
distribution over messages and cannot deviate after choosing a policy, whereas in cheap
talk the sender can deviate freely. Here, deviations are restricted to policies that preserve
the marginal distribution over messages. This formulation is closely related to the credible
persuasion framework of Lin and Liu (2024), except that we fix the marginal distribution
A ex ante rather than allowing the sender to choose it.

Given prior 7, let e*(7, A) denote the sender-optimal equilibrium payoff. Define

e*(m) := )\IenAa(}i) e*(m, \),

the sender’s maximal equilibrium payoff across all marginals.

Remark 1. If the sender’s payoff is state independent, then
e*(m) = Cav ug(m).

8The receiver’s obedience condition need not hold under the deviation 7.
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Deviations that preserve the marginal distribution do not change the induced actions, so

the sender can achieve the Bayesian persuasion payoff.

To illustrate the persuasion model with partial commitment, consider the following
example, adapted from Lipnowski and Ravid (2020).

Example 1. A political think tank advises a lawmaker on passing reforms. The lawmaker
is contemplating whether to pass one of two possible reforms, denoted by 1 and 2, or to
not pass any. These actions are denoted by ay , as and ag respectively. The think tank
preferences are state independent: it prefers reform 2 over reform 1 and having a reform
over no reform. The lawmaker only wants to pass a law if he is sufficiently confident that
the reform will be good. Consider the state space Q0 = {wy,ws}, where w; refers to the
state where reform i is good. And let M = A = {ayp, a1, a2} denote the message space. The

think tank and the law maker’s preferences are captured by the following payoff matriz:

wy (2,20) (1,14) (0,03)
wy | (2,4) | (1,0) | (0,3)

The receiver’s optimal action, as a function of p = P(wy), is

a2 prgiv
a’(p)=qay ifi1<p<3,
ay ipr%-

Under Bayesian persuasion and cheap talk, the sender’s mazximal payoff is given by
the concave and quasi-concave envelopes of the indirect utility evaluated at the prior (see

Figure 1a). Their difference captures the value of commitment.

— ag(m) —ef(m, )
..... Cavus(ﬂ') i CaV)\ 65(7‘(, )\)
----- Quasicav tg(m)
0 2 ..... ©n 2 1
g .~..._.... S| jasmesssssss
1 ......... e 1
0 ; 0 = 1 1 1 ‘
0 025 05 0.75 1 0 0.25 0.5 0.75 1
7 A
(a) Bayesian persuasion vs cheap talk (b) Partial commitment payoff for 7 = 0.5

FiGUurE 1. Comparison of benchmarks and partial commitment

Now consider persuasion with partial commitment. The sender chooses a vector of pos-

terior beliefs that satisfies Bayes plausibility with weights X\ and that admits no profitable
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undetectable deviation. The marginal \ restricts the set of feasible posterior beliefs. For
instance, let m = (%, %) and \ = (%, 0, %) Then any feasible pair of posteriors must satisfy
Pay(w1) = 3 + € and pa,(w1) = 3 — € for some € € [—1, 1.7 The sender’s optimal strategy
is to induce the posterior beliefs pa,(w1) = 0 and p,, (w1) = 1 which results in an expected
payoff of % This is strictly below the Bayesian persuasion payoff, which equals %
Figure 1b illustrates the sender’s maximal equilibrium payoff as a function of the mar-
ginal A = Xay), restricting attention to marginals with X ag) = 0. In particular, when
A= (%,O, %), the sender attains the Bayesian persuasion payoff. Convex combinations
across marginals yield the concave envelope Cavy es(m, \) (dotted line). We show that in

the dynamic game, the sender can achieve all such convex combinations (shaded region).

3.2. Dynamic game. In this section, we show that any equilibrium payoff of the static
persuasion model with partial commitment and any convex combination of such payoffs,
can be sustained as a uniform equilibrium payoff. The characterization depends only on
the invariant distribution of the transition matrix.

The next example illustrates the key idea behind the construction. In particular, it
shows that a sender with state-independent payoffs can attain the Bayesian persuasion

payoff in the dynamic game.

Example 1 (Continued). Consider Example 1 in a dynamic environment. Suppose the

o- |

This Markov chain is pseudo-renewal, with invariant distribution p(wi) = plws) =

states evolve according to

Wl Wi
WIN Wl

%. Fiz g = (%,0, %), the distribution over recommendations induced by the Bayesian
persuasion solution for prior pn = (3, %)

In the first stage, the sender induces the posterior beliefs po, = (1,0) and p,, = (3, %)
The resulting prior beliefs in the next stage are q,, = pq, Q@ = (%, %) and o, = Pa, @ =
(% 13)-

Since the chain is pseudo-renewal, we have q,, = ap,, + (1 — a)p for some a € [0, 1).
Hence, after every recommendation, the sender can again induce the same vector of pos-
terior beliefs, namely p,, and p,,. The evolution of the receiver’s beliefs is shown in
Figure 2.

At every stage, the unconditional distribution over recommendations remains (%, %),
and the posterior beliefs remain p,, = (1,0) and p,, = (3, %) By obedience, the receiver
follows the recommendation: he takes action a; under p,, and as under p,,. Moreover,
the receiver monitors the frequency of recommendations and enforces that each action is

played according to its prescribed quota X\. Since any undetectable deviation preserves

9Since A(ag) = 0, the posterior belief Da, is never realized and is therefore irrelevant.
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F1GURE 2. Evolution of the receiver’s beliefs in Example 1

A and corresponds to a feasible deviation in the static model, the sender has no prof-
itable deviation. Thus, in equilibrium, the sender attains the Bayesian persuasion payoff

Cav iig(p) = 3.

We now state the main result. It establishes that any equilibrium payoff of the static
persuasion model with partial commitment, with prior given by the invariant distribution,
as well as any convex combination thereof, can be sustained as a uniform equilibrium
payoff in the dynamic game. Let Coy (5 (i, /\)) denote the set of convex combinations of

equilibrium payoffs across distributions over messages.'’

Theorem 1. Any equilibrium payoff of the persuasion model with partial commitment
and prior p, as well as any conver combination of such payoffs across distributions over

messages, is a uniform equilibrium payoff. Formally,
Cox(E(m,N)) CU.

Proof Sketch: We first show that any equilibrium payoff e(u, A) of the persuasion
model with partial commitment is a uniform equilibrium payoff. We then show that any
convex combination of such payoffs is also a uniform equilibrium payoff.

Fix A € A(A) and an equilibrium payoff e(u,\). Let {p,}sca denote the equilib-
rium posterior beliefs, which satisfy Bayes plausibility under weights A and the receiver’s
obedience condition.

We construct a strategy profile (o*, 7*). The play is divided into consecutive blocks of
length N. At the start of each block, players discard past play and restart playing a new
block. Choose N such that NA(a) is an integer for all a € A.

0CoA (E(u,N) = {0 i miel, Ai) | N € A(A), 3 >0, X0 = 1}

11



Receiver’s strategy: At each stage n, the sender makes a recommendation m,,. If the
recommended action has not yet reached its quota within the block, the receiver follows
it; otherwise, he replaces it with an action whose quota is not yet filled.!!

To keep track of action frequencies, let

Chnla) := Z | Fp—
k=1

denote the number of times action a has been taken up to period n.

According to 7%, if C},_1(m,) < NA(m,,), then the receiver plays the recommended ac-
tion, i.e., a, = m,. Otherwise, he chooses an action a # m,, such that C,,_1(a) < N\(a).
For example, the action can be chosen randomly with probability proportional to the
remaining quota N\(a) — C,,—1(a). Hence, in each block, action a is taken exactly NA(a)

times.

Sender’s strategy: The sender induces the same posterior beliefs {p,}.ca at every
stage, so that the expected joint distribution over states and recommendations coincides
with the equilibrium outcome of the persuasion model with partial commitment.

For each a € A, let ¢, = p,@ denote the next-period belief following recommendation

a. Under the pseudo-renewal Markov chain, we have

Ga = OPg + (1 - O_/) Z )‘(d)p& = QP + (1 - Oz)[jj,
acA
S0 q, lies on the segment joining p, and p.
Using this decomposition, the sender chooses the current recommendation as a function

of the current state and the previous recommendation:

. N . Pa(@)
oilmy,=a|w, =w,m,_1=d):= (@) ((1 —a)A\(a) + al{a:a/}>.

The evolution of beliefs induced by the strategy is illustrated in Figure 3.

Pa

a+ (1 —a)\(a) (1 —a)\(d)

Pa Po

F1GURE 3. Recursive decomposition of receiver’s beliefs under o*

HThe receiver’s strategy is based on statistical tests used in repeated games with imperfect monitoring
(Lehrer, 1992a; Jackson and Sonnenschein, 2007; Renault, Solan, and Vieille, 2013; Escobar and Toikka,
2013; Frankel, 2016; Horner, Mu, and Vieille, 2017). Deviations that alter the target distribution are
detectable through these tests.
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The proof proceeds in two steps. First, we show that the payoff induced by (¢*,7*)
can be made arbitrarily close to e(u, \) for sufficiently patient players. Second, we show
that (0%, 7*) is an approximate equilibrium for sufficiently patient players.'?

Under (o*, 7%), the expected joint distribution over states and recommendations at any

stage coincides with the static distribution, i.e.,

Ea*,-r* [1{wn:w,mn:a}] = )‘(a’)pa(w)'

Hence, for a large block N, recommendations and actions coincide with high probability
in most stages. Therefore, by choosing N large and players sufficiently patient, the
induced payoff can be made arbitrarily close to e(u, A).

Now, we show that this strategy profile is an approximate equilibrium when players
are sufficiently patient.

First, consider the receiver’s deviations. Since the sender does not observe the receiver’s
actions, the receiver’s current choice does not affect future play. Hence, a myopic best
response at each stage is optimal. Under 7%, for a sufficiently large block N, the receiver
follows the recommendation whenever the quota is not exhausted, which occurs in most
stages. Therefore, 7 coincides with a myopic best response in all but a small fraction of
stages, so any gain from deviation is bounded by ¢ for sufficiently patient players.

Next, consider the sender’s deviations. The receiver’s strategy enforces that the fre-
quency of action a in each block equals NA(a). Hence, any sender deviation & induces,

within a block, a collection of conditional distributions over states {p,}sca, where

N
Z ]-{wn:w7 an:a}] .
n=1

These distributions satisfy Bayes plausibility with prior g and weights A, ie., u =

Za /\(a)ﬁa‘

This corresponds to a feasible deviation in the static model with marginal \. By opti-

1
a = —E&T*
Pel) = 3@

mality of {p,}aeca, such deviations cannot yield a higher payoff. Moreover, for sufficiently
large N and sufficiently patient players, the sender’s discounted payoff from any deviation
is arbitrarily close to the payoff induced by the corresponding static deviation. Hence,

no profitable deviation exists. Therefore, e(u, \) € U.

We now extend the previous block construction to obtain convex combinations of equi-
librium payoffs.'® Let A\ = oy midi with n; > 0 and )", m; = 1. The players still use
a block strategy. However, each block of length N is further divided into sub-blocks of

12The strategy profile (o*,7*) also constitutes a uniform equilibrium when the sender observes the
receiver’s actions. This is related to Proposition 2 in Renault, Solan, and Vieille (2013), which shows
that the set of Nash equilibrium payoffs without feedback is a subset of that with feedback.

13Block strategies are commonly used in dynamic games with imperfect monitoring; see, for example,
Lehrer (1990, 1992b); Fudenberg and Levine (1991); Tomala (1999); Deb, Gonzdlez-Diaz, and Renault
(2016).
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lengths {Nn;}ier, and in sub-block i the players play according to the strategy profile
associated with \;.

Using the same argument as before, each sub-block yields an average payoff arbitrarily
close to e(u, A;) for sufficiently large NV and sufficiently patient players. Since sub-block ¢
occupies a fraction n; of each block, the overall payoff is arbitrarily close to Y, mie(p, Ai)-
Moreover, because the strategy restarts at the beginning of each sub-block, deviations can

be evaluated separately within each sub-block, and the same incentive argument applies.

3.3. On the Converse and the Role of Dynamic Deviations. Theorem 1 establishes
that all payoff vectors that can be obtained as convex combinations of equilibrium payoffs
of the persuasion model with partial commitment are uniform equilibrium payoffs. A
natural question is whether the converse inclusion also holds.

A direct extension of the static benchmark would suggest that any outcome that admits
a profitable deviation in the set X (u, A) of Bayes-plausible posterior vectors, holding fixed
the long-run frequency of recommendations, should fail to be an equilibrium. However,
in the dynamic environment, not all such deviations are feasible. Moreover, the receiver
may condition on richer statistical tests, such as frequencies of pairs or longer strings of
recommendations.

The following example shows that some uniform equilibrium outcomes lie outside the
convex hull of equilibrium outcomes of the static persuasion model with partial commit-

ment.

Example 2. Consider binary states Q = {wi,ws} and let A = {a1,a2,as,as}. The

11

3+ 5) and is induced by the Markov chain

Let the posteriors be p,, = (0,1), pa, = (%,%), Das = (%,é), and pa, = (1,0), with
A= (}1, }1, %, }1) These satisfy Bayes plausibility: Y, A a)p, = (5,
are recursive: Pg, Q) = Da, and pa,Q) = Pas-

The sender’s and receiver’s payoffs are given by

invariant distribution is p = (

wWIND Wl

1. 3). The belief dynamics

w1 (_118) (3’27) (_2?:3) (1’40)
wo | (L,0) | (=2,3)| (3,7) | (—1,8)

The receiver’s optimal action is a; for p € |0, }1]7 as forp € (i, %], as forp € [%, %),

and ay for p € [3,1], where p = P(ws) (with ties broken in favor of the sender).
In every odd period, the sender recommends ay or ay, each with probability 1/2. In
every even period, she recommends ay after ay and as after ay. The receiver follows the

recommendation as long as only the pairs (a1, as) and (a4, ag) occur; if (a1, a3) or (ag, as)
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is observed, he ignores all future recommendations and plays his optimal action at the
prior forever.

Along the prescribed path, the sender is truthful in odd periods. In even periods, how-
ever, she prefers to swap the continuation rule: at p,, = (%, %) she prefers as to as, while
at Pay = (%, %) she prefers as to az. Thus, she has a profitable deviation in the static
persuasion model with fixed marginal X\, namely to send as after a; and as after ay, which
preserves the one-period distribution.

In the dynamic game, this deviation is not feasible, since it changes the continuation
pattern ay — ag, ay — az into a; — az, ag — as, thereby altering the distribution
over adjacent recommendation pairs. It is therefore detected and triggers the babbling
outcome.**

Hence, the induced payoﬁ% is a uniform equilibrium payoff for the sender. We now
show that it does not belong to the convex hull of sender’s equilibrium payoffs of the
persuasion model with partial commitment. By Proposition 2, any such payoff arises
from a Bayes-plausible splitting of the prior and can be written as a convex combination
of indirect utilities at posterior beliefs. The minimum of the sender’s indirect utility is
attained at the prior m, yielding % Therefore, every payoff in the static benchmark is at

least &, and thus w € U but u ¢ Cox(E(p, N)).

27

This example shows that dynamically feasible deviations may be strictly smaller than
those that preserve quotas. We therefore focus on a class of deviations that are always
feasible and undetectable, yielding a necessary condition.

Consider any outcome v € A(2 x A) with prior 7 € A(Q). Let

C(m) = {c eEAQxQ): Zc(w,w') = 7(w) and Zc(w,w’) = W(w’)}

wl

denote the set of copulas with marginals .

Define the set of state permutations
M(v) = {D EANXxA):v(w,a) = Zc(w,w’) v(w',a) for some ¢ € C(W)} .

Definition 3. An outcome v € A(Q2 x A) with marginal 7 over states is robust to state

permutations if
E,ug| > E;[ug] for every v € M(v).

State permutations form a subset of deviations that preserve the marginal distribution
over messages. They correspond to relabeling states via a permutation and applying the
equilibrium strategy to the resulting fictitious process. As shown in Renault, Solan, and
14A deviation that swaps the odd-period recommendations a; and a4 while preserving the continuation

4
pattern is feasible but not profitable. Such a deviation yields an average payoff of 2+ 3 = %, which is

strictly below the equilibrium payoff %
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Vieille (2013, Lemma 4), such deviations preserve the law of the state process and are

therefore undetectable.

Proposition 2. If an outcome v € A(£2x A) is induced by a uniform equilibrium, then v
satisfies obedience and is robust to state permutations. Moreover, its marginal over states

equals the invariant distribution .

Proposition 2 is not sufficient in general, since M(v) may be strictly smaller than the
set of deviations in ¥(m, \)'® An immediate implication is that every uniform equilibrium
outcome is a Bayes correlated equilibrium with prior p (Bergemann and Morris, 2019).

In Renault, Solan, and Vieille (2013), state permutations are both necessary and suf-
ficient to characterize equilibrium outcomes. In our setting, however, the sender recom-
mends actions rather than reporting states, so deviations that preserve message frequen-
cies may still alter the temporal structure of recommendations and become detectable.
Thus, while permutation deviations remain necessary, they are not sufficient to charac-
terize equilibrium outcomes, as illustrated in Example 2.

Finally, we consider the special case where the states are drawn i.i.d. with distribution
. In this case, the dynamic restrictions discussed above disappear, and the static partial-

commitment benchmark becomes exact.

Proposition 3. Suppose that the state process is i.i.d. with distribution . Then the set
of uniform equilibrium payoffs coincides with the convex hull of static persuasion payoffs

with partial commitment:

U = Cor(E(w, N)).

The inclusion follows from Theorem 1. For the converse, each period induces a splitting
of p into posterior beliefs with weights A. If this splitting does not belong to £(u, A), then
the sender has a profitable undetectable deviation preserving A. Since states are drawn
i.i.d. across periods, this deviation can be implemented independently across periods,
yielding a contradiction. Hence, the induced payoff must belong to €(u, A), and the overall

payoff is a convex combination of such payoffs across recommendation distributions.

4. DI1SCUSSION AND CONCLUSION

We studied a dynamic sender-receiver game, where the sender gets no feedback on
the receiver’s action. We partially characterize the set of uniform equilibrium payofts
by relating the dynamic game into a static persuasion model with partial commitment.
Crucially, dynamic interaction helps the sender achieve a higher payoff despite no feed-
back. In particular, if the sender’s payoff is state independent, she is able to achieve the
Bayesian persuasion payoff.
15Ty see this, suppose pla | w) > 0 for all w, a, so that each posterior p, has full support. State permuta-

tions preserve support and therefore cannot generate degenerate posteriors, whereas such posteriors are
feasible in X(m, A).
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Many problems remain open in this setting. First, fully characterizing the set of all
uniform equilibrium payoffs remains an open problem. Second, exploring scenarios in
which the sender receives imperfect feedback on the receiver’s actions presents another
avenue for investigation. Third, it would be interesting to study the role of more complex
statistical tests by the receiver, such as tests based on higher-order frequencies or longer
histories of messages (see Horner, Mu, and Vieille, 2017), and how these affect the set
of equilibrium outcomes. Additionally, extending the analysis to more general dynamic

environments represents a promising direction.
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APPENDIX A. OMITTED PROOFS

A.1. Proof of Proposition 1. Let (p, k) be an equilibrium of P (7, \). We construct an

equivalent equilibrium in which the sender directly recommends actions and the receiver

obeys them.
Define
pla|w) = Z p(m | w)k(a | m) forallae A, we
meM
and let

Rla|a)=1 for all a € A.

By construction, the induced joint distribution over states and actions is the same
under (p, k) and (p, k). Hence, both players obtain the same expected payoff under the

two strategy profiles. Moreover, the induced marginal distribution over recommendations

Ma) =D m(w)pla|w) =Y Am)x(a | m).

we meM

is

It remains to show that (p, &) satisfies obedience and incentive compatibility.
First, consider the receiver. For each a € A such that \(a) > 0,

:_Z/\ a|m)pm,

) menr
where p,, denotes the posterior belief induced by message m under (p, ). Thus, p, is
a convex combination of the posteriors p,, for which x(a | m) > 0. Since (p, k) is an
equilibrium, whenever k(a | m) > 0, action a is a best response at p,,. By linearity, it
follows that a is also a best response at p,. Hence, obedience holds.
Next, consider the sender. Suppose, toward a contradiction, that there exists a prof-
itable deviation under (p, ), given by posterior beliefs (fq)aca with weights (A(a))aca.

We construct a corresponding deviation in the original equilibrium by defining, for each

Pri= 3 kla | m)p,

a€A

message m € M,

This deviation is feasible since
5 A = 3 ) Y | i = 3 Ao
meM meM acA acA
Moreover, it yields the same expected payoff as the deviation in the direct policy, since
ZA(m)Zm(a|m)Zﬁa( Jug(w, a) Z)\ Zpa Jug(w, a).
meM acA w acA

Thus, this defines a profitable deviation in the original equilibrium, a contradiction.

Therefore, (p, &) is an equivalent equilibrium.
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A.2. Proof of Theorem 1. First, we prove that any equilibrium payoff of the static
persuasion model with partial commitment is a uniform equilibrium payoff. Then we
show any convex combination of these payoffs with respect to the distributions over
messages is also a uniform equilibrium payoff.

Fix e(u, ) € E(u, A). Let (o, 7%) denote the strategy profile constructed in the proof
sketch. The proof proceeds in two steps. First, we show that the payoff induced by
(o*,7*) can be made arbitrarily close to e(u, A) for sufficiently patient players. Second,

we show that (o*,7%) is an approximate equilibrium for sufficiently patient players.

Lemma 1. For every € > 0, there exists Ny € N and dg < 1 such that, for every N > Ny
and § > g, the strateqy profile (o*,7*) induces a payoff within € of e(u, \).

Proof. First, we show that at any stage n, the expected joint distribution over the state

and the recommendation equals \(a)p,(w).

(Al) Eq [1{wn:w,mn:a}] = Z U:l(mn =a ’ Mp—1 = (Nlaw)]P)a*,T* (mnfl = a,w, = w)?

(A2) = 52 (1= (o) + o)A@,
(A.3) = A(a)pa(w)-
where we used that Py« «(m,—1 = a,w, = w) = A\(@)ga(w).

Define

N
1
Pa(w) i= Ko 7 [— Liwi=w,ar=a ]
NX(a) ; { }

That is, A(a)p,(w) is the expected fraction of periods in a block in which the state is w
and the action is a.

For fixed N, since the strategy restarts every block, the discounted payoff converges to
the average payoff within a block as § — 1.

(A.4) llm% o, T Z)\ Zpa w)u;(w,a) Vi€ {S, R}.

We will show that for sufficiently large block length, this payoff can be made arbitrarily
close to the target payoff e(u, A).

First, observe that by a law of large numbers for Markov chains, if N is large enough,
then with high probability the quota of each recommendation is exhausted only in a
small fraction of periods. Hence, under (¢*, 7*), the expected fraction of periods in which
recommendations and actions differ can be made arbitrarily small. It follows that p, can
be made arbitrarily close to p, for every a € A.

Using the fact that payoffs are bounded and the linearity of the expected payoff in
RHS of (A.4), it follows that for every ¢ > 0, there exists Ny € N and 4y such that for all
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N > Ny and 6 > ¢y, it holds that
19 (0",7) — es(u, M| < € Vi€ {S,R}.
O

Lemma 2. For every e > 0, there exists Ny € N and 6y € (0,1) such that for all N > Ny
and § > 0o, the strategy profile (o*,7*) is an e-equilibrium.

Proof. Fix € > 0. We show that there exist Ny and dy such that for all N > Ny and all

d > dp, no player can gain more than € by deviating from (o*, 7%).

Sender’s deviations. Since the sender uses a block strategy ¢*, it suffices to evaluate
deviations on a single block. Fix any deviation 6. Since under 7* the receiver takes action
a exactly NA(a) times in each block, define

pa(w) = ﬁ”Em

N
Z ]-{wn:w,an:a}] .
n=1
Then (P, )aca satisfies Bayes plausibility with weights A, that is,
=1 Aa)
acA

Hence the collection (pg)aca is feasible in P(u, \).
For fixed N, as 6 — 1, the sender’s discounted payoff under (&,7*) converges to the

average payoff within a block. Therefore, for ¢ sufficiently close to 1,

18(6,7) <D M) Y Baw)us(w, a) + €.

acA weN

Since (pg)aca is sender-optimal in P(u, ), we have

Z)\ Zpa wlug(w,a) < eg(p, \).

a€A weN

Combining the two inequalities gives

1306, 77) < es(p, ) +e.
By lemma 1, for N large enough and § sufficiently close to 1,
13(0", 7%) 2 es(p, A) — e
Therefore,
Y&, %) = A%(0%, ) < 2.
After replacing € by €/2, it follows that the sender cannot gain more than e by deviating.

Receiver’s deviations. Because the receiver’s actions are unobservable, his choice

at stage n does not affect the sender’s future behavior. Hence, against ¢*, a myopic best
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response at every period is optimal. Let 7™P denote the myopic best-response strategy:
after every history, the receiver best responds in the current period to the belief p; induced
by the sender’s recommendation.

It therefore suffices to show that deviating to 7P does not result in a gain greater
than e. By construction, 7* follows recommendation a whenever the quota for a is not
exhausted. By the law of large numbers for Markov chains, for N large enough the
empirical frequency of recommendations is close to A with high probability. Hence, 7*
coincides with 7P in all but an e-fraction of periods in each block.

Since stage payoffs are bounded, this implies that for NV large enough and ¢ sufficiently
close to 1,

D", 7Y — Ao ) < e

Therefore, the receiver cannot gain more than e by deviating. U

Lemma 1 and Lemma 2 show that any e € £(u, A) is a uniform equilibrium payoff. We
now show that players can obtain any convex combination of such payoffs.

Pick any e € Co, (5 (1, )\)) Since payoffs lie in a finite-dimensional space, e can be
written as a finite convex combination. Thus, there exist a finite index set I, weights
(i)ier with m; > 0 and )., 7; = 1, and marginals \; € A(A) such that

e= Zme(,u, i), with e(u, \;) € E(u, A;) for each i € 1.
iel
The players use a block strategy. However, each block of length N is further subdivided
into I sub-blocks.'® Sub-block i starts at period N Z;;ll n; + 1 and ends at period
N 23:1 n;. The players play according to strategy profile (¢}, 7;) in sub-block .
Using the same argument as in Lemma 1, for each sub-block ¢, taking N sufficiently
large ensures that the payoff induced by (o7, 7) is arbitrarily close to e(u, A;) for all §

sufficiently close to 1. Since sub-block ¢ occupies a fraction 7; of each block, it follows
that

lim~°(5,7) = > me(u, Ao)-

51
iel
It remains to check incentives. Because the strategy restarts at the beginning of each
sub-block, deviations in one sub-block do not affect continuation play in subsequent sub-
blocks. Thus, any unilateral deviation decomposes into deviations within sub-blocks.
By Lemma 2, for every i € I, there exists §) such that for every § > 44, no player
can gain more than 7;e by deviating in sub-block i. Let dy = max;e; ). Then for every

§ > do, the total discounted gain from deviating is at most )., 7€ = .

16Choose N such that Nn;\;(a) is an integer for all i € I and a € A.
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Using the convergence result, this implies that the difference in payoffs between the

equilibrium strategy and any deviation is bounded above by 2¢. Therefore,

I
> me(u ) €U
i=1

A.3. Proof of Proposition 2. Fix ¢ > 0, and let (¢*,7") be an e-equilibrium of the
0-discounted game for all o > 9. Let

o0

v(w, a) = (1=06)Y 6" "Eor o [1u,=wan=a]

n=1
denote the outcome induced by the strategy profile. Since the initial state is drawn from
the invariant distribution y, it follows that ) v(w,a) = p(w). Using this, denote

1
D T

Consider the deviation 7P where the receiver plays a myopic best response to belief

pn at every history. Since continuation payoffs do not depend on the receiver’s action, we

have
(A.5)
(0", 7P) = V(0" 77) = Ege e | 3 (1= 0)0" 7 By, [un(:, a* ()] = By, [us(- am)] .

Since (0*,7%) is an e-equilibrium, the left-hand side is at most e.

Fix any n > 0, and let

Ry = A{Ey, [ur(:, a"(pn))] — Bp,[ur(- an)] = n}-

denote the event when the receiver’s deviation in period n is at least 7.
Then (A.9) implies

o)

e>E,, 2(1—5)(5"71 (]Epn [uR(-,a*(pn))]—Epn[uR(-,an)]) >nE,, 2(1—5)5"11321 :
n=1 n=1
Hence,
E,. | S (1= 86" 1p| < <.
: ;( ) Rn] p

Therefore, for every n > 0, the discounted weight of periods in which the receiver’s action
is worse than a myopic best response by at least n vanishes as € — 0.

In case of the sender, we show that there is an undetectable deviation ¢ , which needs
to not be profitable more than e. Using Lemma 4 in Renault, Solan, and Vieille (2013),
one can construct a sequence of fictitious states (6,,) that is statistically indistinguishable
from the sequence (w,). In particular, (i) the law of {6,}, is the same as the law of
{wn}n, (ii) in each period n, the law of the pair (w,, 6, ) is given by distribution ¢ € C(u)

and (iii) the conditional law of w, given 6y,...,0, is given by c(- | 6,). Moreover, the

23



sequence #,, can be constructed using informationa available only in period n. Given such
a sequence, in any stage n the sender will play according to o(- | 6,) after replacing the
realized state w, by the fictitious state 6,,. Formally, given history (wq, 01, m1, ..., wy, 6,)
consisting of realized and fictitious states and messages, the strategy ¢ plays according
to (6, my,...,0,) that would have been played by o had the realized states and messages
been 61, mq,...,0,.

We now show that the sender’s expected payoff under the strategy profile (¢, 7) is
equal to > ,c(w,0) >, o(a | Ous(w,a).
(A.6)

E’ T* wnaan Z Z Z ]P 017&17""7wn79n7&n)u5(wnaan)

wn 01,...,0n a1,...,an

(A7) => ) Z P (wn | O1,-0,) X Py (61, 1...0n, @y )us(wn, ay)

Wn, 01, ,9 ay,..

(A.8) _ZZZ wn|«9 ) X B (O, an)us(wn, an)

Since the process (6,,) has the same law as (w,), and since ¢’ applies ¢* to the fictitious
history, the discounted joint distribution over (6,,a,) under (¢’,7*) coincides with the

discounted joint distribution of (w,, a,) under (¢*,7*). Hence,

(1=0)) 0" " Porre (0 = 0,0, = a) = p(6)po- - (a | 6).

Therefore,
S/ 1 %\ __
130 7)Y =D ew | 0)p(0)poe ++(a | O)us(w, a).
w,b,a
So, for any outcome to be an equilibrium, there must be no profitable deviation in the
set of deviations defined by M(v).

A.4. Proof of Proposition 3. The inclusion follows from Theorem 1. We prove the
converse.
Fix € > 0, and let (0, 7) be an e-equilibrium of the d-discounted game for all § > 4.
Consider the deviation 7P where the receiver plays a myopic best response to belief
pn at every history. Since continuation payoffs do not depend on the receiver’s action, we

have

(Ag) ’YR(O-a Tmyp) _’YR(O-u T) = Ea,’r

> (1-6)0" " (Bp, [un(-, a* (b))~ Eyp, [un(- ann)] .

n=1
Since (o, 7) is an e-equilibrium, the left-hand side is at most e.

Fix any n > 0, and let

Ry = A{Ey, [ur(-, a*(pn))] = Ep, [ur(, an)] =}

denote the event when the receiver’s deviation in period n is at least 7.
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Then (A.9) implies

€ > E,, > nEq -

i(l—é)é"‘llm;] .

n=1

> (1-8)" " (Ep, lun(-, 0" (pa))]~Ep, [un(-, an)])

n=1

Hence,

1— 80" 1| < &
> (- | <

n=1
Therefore, for every n > 0, the discounted weight of periods in which the receiver’s action
is worse than a myopic best response by at least 1 vanishes as e — 0.

Consider the sender’s deviations. At any history h, = (mi,...,m,), the sender’s
strategy induces a marginal distribution \,, € A(A) over action recommendations. Since
the state process is i.i.d., the receiver’s belief before observing the message is always equal
to the prior .

Consider the deviation o', where at any history h,,, if there exists a profitable deviation
in X(u, Ap, ), the sender switches to one that achieves the highest profit, and otherwise
follows o. Such a deviation is undetectable because it keeps the distribution over the mes-
sage process unchanged. Also, from the i.i.d assumption, it does not affect continuation
payoffs since future states are independent of the current one.

Like before, fix any > 0 and let S7' be the event that in period n there exists a feasible
one-shot deviation in ¥ (u, A,) that improves the sender’s current payoff by at least 7.

We have

o

15(0',7) =750, 7) 21 B | 30 (1= )07 1

n=1

Since (o, 7) is an e-equilibrium, it follows that

E,., [iu - 5)5”*1152} <

€
n=1 U
Since this holds for every n > 0, the discounted weight of stages at which the sender has
a deviation gain bounded away from zero vanishes as ¢ — 0. It follows that the sender’s
static incentive constraint holds in the limit.

Thus, for any n > 0, the discounted weight of periods in which either the sender’s or
the receiver’s equilibrium condition is violated by at least 7 is at most 2¢/n. Hence, up
to a set of periods with vanishing discounted weight, the induced stage outcome in each
period satisfies the equilibrium conditions of the static persuasion model with prior pu
and marginal A\, . Therefore, it follows that any limit point of the induced discounted
payoffs belongs to

CO,\ (5(#, )\)) .
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