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Abstract

We study ex-ante Pareto efficiency of feasible outcomes in games with incomplete
information. Our main observation is that excessive randomization leads to inefficiency.
With a nonatomic prior, generically, efficient outcomes are pure almost surely. In
finite state spaces, the restriction is weaker: generically, the total number of actions
used across states must be strictly less than the sum of the number of players and
states. We apply these results to three environments. In an allocation problem without
transfers, the welfare-maximizing incentive-compatible outcome is inefficient. In cheap
talk, generically, an outcome is efficient only if it is pure; with state-independent
sender payoffs, it is efficient if and only if the sender’s most preferred action is induced
with certainty. In Bayesian persuasion with one safe action and several risky actions,

outcomes are generically inefficient across broad sets of priors and receiver preferences.
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1 Introduction

A central question in economics is how individual incentives interact with social welfare. A
natural benchmark for studying this relationship is Pareto efficiency—outcomes in which no
individual can be made strictly better off without making another worse off. However, in
many real-world settings, individuals make decisions under incomplete information, making
it unclear when efficiency can be achieved. They face uncertainty about the underlying state
of the world and about what others know. Information could, in principle, improve welfare,
yet individual incentives often stand in the way of efficiency.

The question is especially relevant to information design and mechanism design. In
information design, uncertainty concerns an underlying state of the world, and the designer
chooses how information about that state is revealed. In mechanism design, uncertainty
concerns agents’ privately known types, and the designer chooses rules that map their reports
into allocations. In both cases, the resulting outcome maps the underlying uncertainty—
states or type profiles—into distributions over actions or allocations. Understanding when
such outcomes are Pareto efficient is therefore key to understanding the scope and limits of
design under incomplete information. We evaluate outcomes by players’ ex-ante expected
payoffs and assess Pareto efficiency relative to the set of all feasible outcomes.

We start with finite state spaces. We provide a simple necessary condition for Pareto
efficiency that depends only on the number of actions used across states. Generically, an
outcome is efficient only if the total number of actions used across all states is strictly less
than the sum of the number of players and the number of states (Theorem 1). Notably, this
condition does not depend on the prior, the specific actions used, or the probabilities with
which they are used. Thus, excessive randomization over actions leads to inefficiency. With
two players, an outcome can be pure; quasi-pure, meaning deterministic in all but one state
where two actions are used; or mixed, meaning neither pure nor quasi-pure. Generically,
only pure or quasi-pure outcomes can be efficient.

We then extend the analysis to infinite state spaces with a nonatomic prior. Generically,
an outcome is efficient only if it is pure almost surely (Theorem 2). Thus, while the finite
state result limits the amount of randomization compatible with efficiency, the infinite state
result rules out randomization on any set of states with positive probability.

The key insight behind our main results is geometric and links ex-ante and ex-post effi-
ciency. Ex-post efficiency in a given state requires the state-contingent outcome to maximize
some weighted sum of the players’ payoffs in that state. An outcome can be ex-post effi-
cient in every state even if the supporting weights differ across states. Ex-ante efficiency is
more demanding: there must exist a common vector of welfare weights that supports the
state-contingent outcome across states (Propositions 1 and 2). Randomization across actions

creates indifferences that this common vector must satisfy. Generically, once the outcome



uses too many actions across states, such a common vector does not exist.

We first apply the infinite state result to the allocation problem without transfers studied
by Miralles (2012). Two indivisible objects need to be allocated among agents with privately
known valuations. An outcome assigns to each valuation profile a lottery over allocations.
The planner chooses a Bayesian incentive-compatible mechanism to maximize utilitarian
welfare. When all agents prefer the same object, the optimal allocation rule randomizes over
allocations to elicit the intensity of their preferences. However, this randomization cannot
be supported by a common vector of welfare weights across such valuation profiles, implying
that the induced outcome is Pareto inefficient (Proposition 3). Thus, the randomization that
helps satisfy incentive constraints comes at the cost of Pareto efficiency.

We next consider canonical communication models: cheap talk and Bayesian persuasion.
In cheap talk, the sender cannot commit to a signaling policy. Any stochastic equilibrium
outcome requires at least one player to be indifferent: if the sender mixes across messages,
she must be indifferent between the induced receiver responses; if the receiver mixes across
actions, he must be indifferent between those actions under the induced belief. For such
an outcome to be efficient, the other player must be indifferent as well. Such simultaneous
indifferences are non-generic, so only pure cheap talk outcomes can generically be efficient
(Proposition 4). When the sender’s payoff is state-independent, we obtain a sharper char-
acterization under mild assumptions: a cheap talk outcome is efficient if and only if the
sender’s most preferred action is induced with certainty (Proposition 5). Consequently, any
cheap talk equilibrium in which communication affects the receiver’s action is inefficient.

In Bayesian persuasion, we study a natural environment with one safe action and several
risky actions. The sender prefers risky actions, whereas the receiver takes a risky action only
when sufficiently confident about the corresponding state. To increase the probability of risky
actions while satisfying obedience, the sender often randomizes over action recommendations.
For a full-dimensional set of priors and a broad class of receiver preferences, the Bayesian
persuasion outcome uses too many actions across states to satisfy the necessary condition in

Theorem 1, and is therefore generically inefficient (Propositions 6 and 7).

Related Literature: Given its importance, a broad literature studies the conditions under
which outcomes are Pareto efficient. Early work examined the efficiency of Nash equilibria
(Case, 1974; Dubey, 1986; Cohen, 1998) and conditions for implementing efficient outcomes
under incomplete information (Holmstrom and Myerson, 1983; Myerson, 1991). Related
work studies the tension between Bayesian incentive compatibility and welfare objectives in
environments with cardinal preferences (Borgers and Postl, 2009; Ehlers et al., 2020; Kikuchi
and Koriyama, 2024). Another line of work studies how efficient outcomes can be reached

through learning or commitment procedures (Arieli and Babichenko, 2012; Pradelski and



Young, 2012; Marden et al., 2014; Jindani, 2022; Arieli et al., 2017). In a closely related
paper, Rudov et al. (2025) analyze when a Nash equilibrium can be improved upon by a
correlated equilibrium, using the convexity property of the set of correlated equilibria. Like
us, they derive geometric conditions that restrict the extent of randomization. Our focus
is different: rather than asking whether equilibria are efficient, whether efficient outcomes
can be implemented, or how they can be reached, we characterize which feasible outcomes
can lie on the ex-ante Pareto frontier. Evaluating efficiency relative to all feasible outcomes
yields restrictions directly on the support of an outcome and, in particular, on the extent of
randomization compatible with efficiency.

Our work also contributes to the literature on strategic communication. In cheap talk
(Crawford and Sobel, 1982; Green and Stokey, 2007), the sender’s message is unverifiable,
while in Bayesian persuasion (Kamenica and Gentzkow, 2011), the sender commits to how
the message is generated.! The closest work within this literature is Ichihashi (2019), who
analyzes how restrictions on the sender’s information in Bayesian persuasion affect the equi-
librium outcome. In particular, he shows that the persuasion outcome is always efficient
with binary actions, whereas our results demonstrate that efficiency may fail when there
are more than two actions. Rayo and Segal (2010) study disclosure rules that maximize a
weighted sum of sender and receiver welfare. Doval and Smolin (2024) analyze a welfare
function over a heterogeneous population and characterize the Pareto frontier of outcomes
achievable through signaling policies.

Our results also relate to mechanism design without transfers. Much of this literature
focuses on deterministic mechanisms, although this restriction is not without loss in general.
In the absence of transfers, randomization can relax incentive constraints and improve the
designer’s objective (Kova¢ and Mylovanov, 2009; Miralles, 2012; Niemeyer and Preusser,
2024). Existing work identifies conditions under which deterministic mechanisms are never-
theless optimal or equivalent to stochastic mechanisms (Strausz, 2006; Kova¢ and Mylovanov,
2009; Chen et al., 2019). We instead study the welfare implications of randomization itself.
In particular, Theorem 2 shows that, with a nonatomic prior, randomization is generically
incompatible with Pareto efficiency.

The remainder of the paper is organized as follows. Section 2 introduces the model and
the notion of efficiency. Section 3 presents the main result for finite state spaces. Section 4 de-
velops the extension to infinite state spaces. Section 5 considers three applications: Bayesian
allocation without transfers, cheap talk, and Bayesian persuasion. Section 6 concludes. All
omitted results and proofs are in the Appendix.

IThere has been some work on selecting equilibria in cheap talk games that are Pareto dominant; see
Crawford and Sobel (1982) and Anti¢ and Persico (2023). We study efficiency relative to all feasible payofis,
not just equilibria.



2 Model and Notion of Efficiency

We first present the model for a finite state space. The infinite state extension is given in
Section 4. There are k > 2 players and a finite set A of feasible actions. For example, A
may be the Cartesian product A = Hle A;, where A; is player i’s action set. Alternatively,
A may represent the set of feasible allocations. The state of the world is drawn from a finite

set 2 according to a common prior p € int A(Q2). Player i’s payoff is u; : 2 x A — R. Let
u(w,a) = (u(w,a),... uw,a) €RF

denote the vector of players’ payoffs.

An outcome is a mapping p: Q — A(A), where p(a | w) is the probability that action
a is played in state w. When A = Hle A;, one can think of an outcome as generated by
a mediator who observes the realized state and, possibly at random, recommends an action
to each player, which the players follow. These recommendations need not be incentive
compatible; our efficiency benchmark is the set of all feasible outcomes.?

The payoff vector induced by outcome u given prior p is

a() == 3 p(w) 3 il | whu(w,a). (1)

weN a€A

The set of feasible payoff vectors given prior p is
F,:={u € R": @ = u(y) for some outcome 1: Q — A(A)}. (2)

It is a convex polytope, and its extreme points are induced by pure outcomes.

Definition 1. Given a compact convex set of feasible payoffs ' C R¥, a vector u € F is

efficient if there is no v € F such that v > u and v; > u; for at least one player 1.

In the finite model, every efficient feasible payoff vector maximizes a strictly positive
weighted sum of the players’ payoffs.® Since each outcome induces a feasible payoff vector,

we define efficiency of an outcome through the efficiency of its induced payoff vector.
Definition 2. An outcome pu: Q@ — A(A) is efficient if u(p) is efficient with respect to F,.

Given an outcome i, we refer to pu(w) € A(A) and u(p | w) = > 4 pla | w)u(w,a) as

2Players may also have private information about the payoff-relevant state. Such information can affect
incentive-compatibility constraints, but not the feasible payoff set.

3This equivalence need not hold for arbitrary feasible payoff sets; see Che et al. (2024) for a related “near”
weighted-sum characterization. In our finite model, it holds because Fj, is a convex polytope.



the state-contingent outcome and the state-contingent payoff vector. Let
F, :=co{u(w,a) : a € A} (3)

denote the feasible payoff vectors in state w. The feasible payoff set given a prior can be

decomposed as the weighted Minkowski sum of the state-contingent feasible sets,

Fy =) pw)F.. (4)

weN

Our notion of efficiency is ex ante: outcomes are evaluated before the state is realized.?
For comparison, we also define ex-post efficiency, which evaluates outcomes after the state

is realized.

Definition 3. An outcome p: Q — A(A) is ex-post efficient in state w if u(p | w) is
efficient with respect to F,,.

Ex-ante efficiency implies ex-post efficiency in every state, but the converse need not

hold. The following proposition gives the geometric relation between the two notions.

Proposition 1. An outcome pu: Q — A(A) is efficient if and only if there exists a strictly

positive vector n € R'_Lr such that, for every state w € €2,

u(p | w) € arg ?éaﬁ’j”Tx'

Intuitively, ex-ante efficiency requires a single strictly positive weight vector to support
the outcome in every state. If an outcome fails to maximize the corresponding weighted
sum in some state, then some alternative action gives a strictly higher weighted payoff in
that state. Replacing the outcome in that state with this action would therefore raise the
overall weighted payoff, contradicting efficiency. In particular, efficiency depends only on the
state-contingent support of the outcome, not on the probabilities assigned to actions within
the support. By contrast, ex-post efficiency in state w only requires that the state-contingent
outcome be supported by some strictly positive weight vector n,,. Even if the outcome is ex-
post efficient in every state, the supporting weights may vary across states, so the outcome
need not be ex-ante efficient.

We illustrate the concepts of ex-ante and ex-post efficiency using the following example.

4There is no unique notion of efficiency under incomplete information. Holmstrém and Myerson (1983)
distinguish several notions based on timing and feasibility. Our notions correspond to their ex-ante and
ex-post classical efficiency.



Example 1. Consider a Bayesian persuasion problem with a sender and a receiver. The
state space is Q@ = {wo,w1} and the receiver’s action set is A = {ag,a1,a9,a3,a4}. The

sender’s and the receiver’s payoffs are given by the following matriz:

wo (2,09> (10,18) (0,62.4) (3,1) (1,0
wi | (2,0) ] (10,4) | (0,6.4) | (3,8) | (1,9

~— [~—

We analyze the efficiency of the Bayesian persuasion outcomes for three priors, where
p=P(w):

(a) p=0.10: ag and a; are taken in wy, while a; is taken in wi;
(b) p=0.30: ay is taken with certainty in both states;

(¢) p=0.70: ay is taken in wy, while a; and ayq are taken in w;.

The feasible payoff sets for states wgy, wi, and under prior p are represented by the red,
blue, and orange regions in Figure 1, respectively. We find that for (a), the outcome is ex-post
efficient in both states but is not supported by a common positive normal. The unique normal

i.€., Ny, & cone{ny,,n, }.

Ny, does not belong to the normal cone spanned by n,, and n n,,

—w1’
For (b), the outcome is ex-post efficient in both states and supported by a common positive
normal, while for (c), the outcome is not ex-post efficient in state wy. Owverall, the outcome

is efficient in (b) but not in (a) or (c) (see Figure 1).

3 Necessary condition for efficiency

Our main result provides a necessary condition for efficiency based on the number of actions
taken across states. Given an outcome p and a state w, let |u(w)| denote the size of the
support of u(w), that is, the number of actions taken with positive probability in that state.
Throughout this section, we say a property holds generically if it holds outside a subset of
the payoff space R¥I9IAl with Lebesgue measure zero.

Generically, efficiency requires that the total number of actions taken across all states
be strictly less than the sum of the number of players and states; excessive randomization
therefore leads to inefficiency. Efficiency requires a common strictly positive weight vector
that supports the outcome in every state. Generically, when too many actions are taken

across states, no such vector exists.

Theorem 1. Generically, an outcome p: Q — A(A) is efficient only if

D) < k+ 9. ()

weN
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Figure 1: Each row corresponds to a different prior:
Within each panel, the red region represents F,,,, the blue region represents

(c) p = 0.70.

F,,, and the orange region represents F,. The black circled node denotes the outcome.



Proof. By Proposition 1, if u is efficient, there exists a common strictly positive weight vector
n e ]R"_“Hr that supports the outcome in every state. Fix a state w and let a4, ..., aj ) denote
the pure actions used by p in that state. Since each of these actions must maximize the same
weighted payoff,

n' (u(w,a;) —u(w,a1)) =0 fori=2,...[|uw)l

Collect these indifference conditions across states in a matrix D,,. It has

r= (luw)l-1)

weN

rows, and the indifference conditions across all states can be written as D,n = 0.

Fix the supports of the outcome across states. If r > k, then, except on a measure-
zero set of payoff profiles, at least £ of the associated payoff-difference vectors are linearly
independent. Hence, D, has rank k, so D,n = 0 implies n = 0. Since A and {2 are finite,
there are only finitely many possible supports across states; taking the union of such sets
preserves measure zero.

Thus, if

S llw)] > 410,
we

then r > k. Generically, no strictly positive common supporting vector exists, so u is
inefficient. [

Notably, the bound depends only on the number of actions taken across states, not on
the interior prior, the specific actions taken, or the probabilities with which they are taken.
It also implies the state-wise bound |u(w)| < k for all w € Q2. Generically, the same bound
is necessary even for ex-post efficiency in a given state.

For two-player games, outcomes can be pure (a deterministic action in every state), quasi-
pure (a deterministic action in all but one state, where exactly two actions are taken), or
mixed (any other case). Generically, only pure or quasi-pure outcomes can be efficient.

For two-state games with k players, the restriction becomes particularly strong under
independent randomization. Suppose k; players independently randomize over at least two

actions in state w; for i = 0,1. Then |u(w;)| > 2%, so generically efficiency requires
2M 4 2M < k42,

Hence, as the number of players grows, only a vanishing fraction of players can independently
randomize. The same conclusion holds more generally for any fixed number of states.
The necessary condition in Theorem 1 is far from sufficient. For instance, in Example 1,

the outcome is quasi-pure and satisfies the bound in cases (a) and (c), yet is inefficient in



both cases. Even if the outcome is pure and ex-post efficient in every state, the overall
outcome can still be inefficient. Efficiency is guaranteed, for example, when the outcome
induces one player’s unique most preferred action in every state. In Example 1, this occurs
when the sender fully reveals the state and the receiver takes his optimal action in each state,
or when the sender’s preferred action is chosen in every state, as in case (b).

A complete characterization of efficiency is provided in Proposition 8 in the Appendix.
Although we take an ex-ante view, efficiency can be assessed by examining the payoff changes
generated by deviations in each state. An outcome is efficient if and only if no nonnegative
combination of these statewise deviations leads to a Pareto improvement. This condition
depends only on the state-contingent support of the outcome, not on the interior prior or

the randomization probabilities.

4 Efficiency in Infinite State Spaces

In this section, we extend the analysis to infinite state spaces with a nonatomic prior. The
main insight remains the same: excessive randomization leads to inefficiency. In fact, the
conclusion becomes sharper: generically, every efficient outcome is pure almost surely.

Let Q be a compact subset of R%, and let p denote the nonatomic common prior, a Borel
probability measure on ). The set of actions A remains finite. Let u denote the payoff
profile, where u(w,a) € R¥ is the vector of players’ payoffs from action a in state w. For
each a € A, assume w — u(w, a) is measurable and bounded. An outcome is a measurable

mapping p:  — A(A), and it induces the payoff vector

)= [ 3 ula | )ule, ) dp(o). (0

acA

With infinite states, the feasible payoff set given prior p can be written as the Aumann

integral of the state-contingent feasible sets®

Fp:/QFw dp(w). (7)

The set F}, is compact and convex.

5For a measurable correspondence w — F,, C R*, its Aumann integral is

/ F,dp(w) = {/ f(w)dp(w) : f is a measurable integrable selection of Fw} ,
Q Q

where f is a selection if f(w) € F,, for p-almost every w. In our setting, integrability follows from the
boundedness of payoffs.

10



As in the finite-state case, efficiency requires a common supporting weight vector in

almost every state, although here the vector need only be nonzero and nonnegative.

Proposition 2. If an outcome pu: Q — A(A) is efficient, then there exists a nonzero non-

negative vector n € R% \ {0} such that, for p-almost every state w,

u(p | w) € arg iréaﬁichx.

Since the feasible payoff set is obtained by integrating the state-contingent feasible sets
F,,, a weight vector supporting an ex-ante efficient payoff must support the outcome in
almost every state. Otherwise, there would be a set of states with positive probability in
which the outcome fails to maximize the weighted payoff. Changing the outcome on that
set would increase the overall weighted payoff, contradicting the fact that the ex-ante payoff
is supported by this weight vector.

Let U denote the space of bounded measurable payoff profiles u: Q x A — R¥, endowed
with the supremum norm. Because U is infinite dimensional, there is no natural analogue of
Lebesgue measure on the entire space. We therefore use prevalence as our measure-theoretic
notion of genericity; see Hunt et al. (1992) and Anderson and Zame (2001).° Throughout
this section, a property holds generically if it holds on a prevalent subset of U.

We now state our main result for infinite state spaces.

Theorem 2. Generically, an outcome p: Q — A(A) is efficient only if it is pure p-almost

surely.

Proof. The key argument is that efficiency requires a common vector of welfare weights to
support the outcome in almost every state. Thus, if an efficient outcome randomizes between
two distinct actions on a set of states with positive probability, these pure actions must have
the same weighted payoff on that set. We show that, given a nonatomic prior, payoff profiles
exhibiting such weighted ties on a set of states with positive probability form a finitely shy
set.

Formally, let
B = {u € U: some efficient outcome is not pure p-almost surely}

denote the set of payoff profiles that admit at least one efficient outcome which randomizes
on a set of states of positive probability.

Fix v € B, and let u be an efficient outcome that is not pure p-almost surely. By
Proposition 2, there exists n € ]R’fF \ {0} such that, for p-almost every state w, every action

T

in the support of (- | w) maximizes n' u(w,-) over A.

SFormal definitions of shyness, prevalence, and finite prevalence are provided in Section A.4.

11



Since g is not pure p-almost surely and A is finite, there exist distinct actions a,b € A
that both belong to the support of u(- | w) on a set with positive probability. For almost

every state in this set, both actions maximize the same weighted payoff. Hence,

p({w cQ:n'u(w, a) = nTu(w,b)}> > 0.

Let E,, € U denote the set of payoft profiles for which the above weighted tie condition
holds for some n € R% \ {0}. Thus, every u € B belongs to E,; for some distinct a,b € A,
and hence

BC|JEaw
asb

By Proposition 9 in the Appendix, each E,; is finitely shy. Since A is finite, B is also
finitely shy. Hence, its complement is finitely prevalent, and therefore prevalent. Thus,

generically, every efficient outcome is pure p-almost surely. [

Unlike the finite state result, which limits the extent of randomization, Theorem 2 rules
out randomization on any set of states with positive probability.

The result is relevant for mechanism design without transfers. The state space €2 may
represent values, costs, qualities, or a profile of privately observed types, while A is the
finite set of feasible allocations—for example, which agent receives an object. Thus, with
a nonatomic prior, stochastic allocation rules are generically incompatible with Pareto effi-

ciency, even when randomization is useful for incentive compatibility (Kovac¢ and Mylovanov,
2009; Miralles, 2012).7

5 Applications

We apply our results to three canonical environments: Bayesian allocation without transfers,
cheap talk, and Bayesian persuasion. The first application uses the infinite state result, while

the latter two use the finite state analysis.

5.1 Bayesian allocation without transfers

We first apply the infinite state result to an allocation problem without monetary transfers,
studied by Miralles (2012). Two ex-ante identical indivisible objects are allocated among

k agents. Agent ¢ privately observes her valuation vector w; = (w;1,wi) € [0,1]?, drawn

"The genericity statement is with respect to the unrestricted space of payoff profiles. Many applications
impose additional structure on payoffs; for example, in mechanism design an agent’s payoff may depend only
on her own type and the allocation. In such cases, one may study genericity relative to the restricted class
or apply Proposition 2 directly, as in Section 5.1.

12



independently from a common distribution F' with a symmetric density. The state is the
valuation profile of all agents w = (wy,...,wr). A deterministic allocation is a = (ay,as),
where a; indicates which agent receives object j, allowing an object to remain unassigned.
Let A denote the finite set of such allocations. Valuations are additive across objects, so
agent ¢’s payoff is

ui(w, a) = wil{a; = i} + wpl{as = i}.

Agents report their valuations to the planner, and a mechanism specifies a lottery over
allocations for every profile of reports. Bayesian incentive compatibility requires that truthful
reporting maximize each agent’s interim expected utility, given that the other agents report
truthfully. The planner chooses a Bayesian incentive-compatible mechanism to maximize
the sum of the agents’ ex-ante expected payoffs. Under truthful reporting, we identify the
allocation rule with the induced outcome p: 2 — A(A).

Miralles (2012) characterizes the optimal allocation rule when F' is regular and satisfies
a monotonicity condition.® We maintain these assumptions throughout this subsection. The
optimal allocation rule is implemented through a combination of lotteries and auctions.

For illustration, consider the case with two agents. If they prefer different objects, each
receives her preferred object. If they prefer the same object, each is initially given probability
1/2 of receiving it, while the other object is auctioned. The winner pays her bid in probability
units of the preferred object, which are transferred to the loser. Hence, when both agents
prefer object 1 and agent 1 wins the auction for object 2, the mechanism randomizes between
giving both objects to agent 1 and giving object 2 to agent 1 and object 1 to agent 2. Notably,
each allocation in this randomization is ex-post efficient. With more than two agents, the
auction is supplemented by an insurance scheme that relaxes the constraint imposed by
agents’ initial probability endowments and ensures feasibility.

Randomization plays a central role in the optimal allocation rule. Allocation probabilities
serve as a substitute for monetary transfers and allow the planner to exploit the intensity with
which agents prefer one object to the other. Theorem 2 suggests that such randomization
is generically incompatible with efficiency. In this environment, we can go further and show

that the optimal allocation rule is inefficient.

Proposition 3. Suppose F' is reqular and satisfies the monotonicity condition. Then, for

every k > 2, the outcome induced by the optimal allocation rule is inefficient.

To see why, consider the case with two agents and recall Proposition 2. If the allocation

rule were efficient, there would exist a common vector n = (n1,n2) € R% \ {0} that supports

8Roughly, regularity ensures that assigning an object to an agent who prefers it generates more welfare
than assigning it to an agent who moderately prefers the other object. The monotonicity condition ensures
that, when all agents prefer the same object, the other object is assigned to the agent with the most moderate
preferences. See Miralles (2012) for formal definitions.

13



the outcome at almost every valuation profile. In particular, it must support the outcome at
almost every valuation profile where the allocation rule randomizes. The weighted welfare
from giving both objects to agent 1 is nq(wi; + wia), whereas that from giving object 2 to
agent 1 and object 1 to agent 2 is njwi + naws. Since both allocations are in the support

of the allocation rule on a set of positive probability, efficiency would require
NiWi1 = NaWwa1

for almost every valuation profile in this set. But since F' has a density, for any fixed n this
equality holds with probability zero. Thus, no common vector can support this allocation
rule.

Although the mechanism maximizes utilitarian welfare subject to incentive compatibility,
the induced outcome is Pareto inefficient. Thus, the randomization used to elicit private
information forces the welfare-maximizing allocation rule away from the underlying Pareto

frontier.

5.2 Cheap talk

We consider the cheap talk model (Crawford and Sobel, 1982; Green and Stokey, 2007), in
which an informed sender communicates with an uninformed receiver without commitment.

The state w € €2 is drawn according to the common prior p and observed by the sender,
who sends a message m € M. After observing the message, the receiver chooses an action
a € A. The sender’s and receiver’s payoffs are ug(w,a) and ugr(w,a), respectively. The
sender’s strategy o: @ — A(M) and the receiver’s strategy 7: M — A(A) induce the
outcome

pla|w) =Y a(m|w)r(a|m).
meM

We refer to any outcome induced by a Perfect Bayesian equilibrium as a cheap talk
outcome. Cheap talk generally admits multiple equilibria, including a babbling equilibrium,
which always exists: no information is conveyed, and the receiver plays a best response to
the prior.”

For cheap talk, Theorem 1 can be strengthened: generically, any stochastic outcome,

including a quasi-pure one, is inefficient.
Proposition 4. Generically, a cheap talk outcome is efficient only if it is pure.

In any stochastic cheap talk outcome, either the sender mixes across messages in some

state or the receiver mixes after an on-path message. In the first case, the sender must be

9Unlike in Bayesian persuasion, we cannot restrict attention to direct signaling policies, since some cheap
talk equilibria require the receiver to randomize between actions after a given message.
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indifferent between the induced lotteries over actions in that state; in the second, the receiver
must be indifferent between the pure actions played at the induced posterior. Efficiency
requires the other player to be indifferent as well. However, these simultaneous indifferences
are non-generic. Thus, only pure cheap talk outcomes can be efficient.

Recently, Kamenica and Lin (2025) show that, generically, if the sender must randomize
in all of his preferred cheap talk equilibria, then he values commitment. Together with our
result, this shows that a pure outcome is necessary for efficiency and, among the sender’s
preferred equilibria, for commitment to have no value.

For any receiver belief ¢ € A(Q), let
A*(q) == argmax E,[ug(w, a)]
acA
denote the receiver’s set of best responses, and define the sender’s value function by

V(q) = max E,[us(w,a)l.
a€A*(q)
Thus, V(q) is the sender’s expected payoff when the receiver selects the sender’s preferred
action among his best responses.
Next, we consider the case in which the sender’s payoff is state-independent. Using a
belief-based approach, Lipnowski and Ravid (2020) show that the sender’s preferred cheap
talk equilibrium payoff is given by the quasiconcave envelope of V| evaluated at the prior

p. We denote this envelope by Quasicav V' and illustrate it graphically for Example 1 in

Figure 2.
0|  —— Y 0] —— — v
A (Y Qua51cav V s : ‘..’ """ CavV
8 [ 8 1 :: "0"
é) 6 | g 6 i .:: : : '.”’00
4 1 4: T :: ’.‘0‘.
) | S 2 ,n:_' 00”0,.
0 1 1 : 0 1 1 1
0 02 04 06 08 1 0 02 04 06 038 1
q q
(a) Cheap talk (b) Bayesian persuasion

Figure 2: The sender’s value function V, its quasiconcave envelope under cheap talk, and its
concave envelope under Bayesian persuasion. Vertical dotted lines indicate jumps in V.

For the next result, suppose the action set is non-redundant: every action is a best
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response at some belief: A = qu A©) A*(q). To rule out non-generic cases, assume also
that the sender’s payoffs are distinct across actions: ug(a) # ug(b) whenever a # b. Let
a* 1= arg max,ec4 ug(a) denote the sender’s most preferred action.

We now characterize efficient cheap talk outcomes when the sender’s payoff is state-

independent.

Proposition 5. Suppose the action set is non-redundant and the sender’s payoffs are distinct
across actions. If the sender’s payoff is state-independent, a cheap talk outcome is efficient

if and only if the sender’s most preferred action a* is induced with certainty.

If the receiver mixes after an on-path message, consider two actions a; and ay in the
support, with ug(a;) > ug(az). Since both are the receiver’s best responses at the induced
posterior, there exists a state in its support in which the receiver weakly prefers a; to a».
Shifting probability from as to a; in that state is therefore a Pareto improvement. If instead
the receiver plays a pure action after every on-path message, sender incentives imply that
all such messages induce the same action a. If a # a*, non-redundancy implies that the
receiver weakly prefers a* to a in some state, so replacing a by a* in that state is a Pareto
improvement. Conversely, if a* is induced with certainty, the sender obtains his unique
highest feasible payoff, and the outcome is efficient.

In Example 1, the informative equilibrium at prior p = 0.5 induces posteriors ¢ = 0.4
and ¢ = 0.6. At ¢ = 0.4, the receiver mixes between a; and as to make the sender indifferent
between the two messages. However, in state wg, both players prefer a; to as, so the outcome
is not ex-post efficient. Likewise, at p = 0.7, the babbling equilibrium induces a3, although
both players prefer a* = a; to ag in state wy. By contrast, at p = 0.3, the babbling equilibrium
induces a* = a; and is efficient.

Thus, under these assumptions, any cheap talk outcome in which communication affects

the receiver’s action is inefficient.

5.3 Bayesian persuasion

We now turn to Bayesian persuasion (Kamenica and Gentzkow, 2011), in which the sender
commits to a signaling policy before the state is realized.

The sender chooses a message space M and a signaling policy o: Q — A(M). After
the state w € () is drawn according to the prior p, a message is sent according to o, and
the receiver chooses an action a € A. As is standard, ties are broken in favor of the sender.
Without loss, we restrict attention to direct signaling policies u:  — A(A), where messages

are action recommendations. Given prior p, let u;; denote the Bayesian persuasion outcome. '’

10Generically, the Bayesian persuasion outcome is unique.
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The Bayesian persuasion (BP) outcome /: 2 — A(A) solves

I (rgii{(A) %p(W) Z plalwus(w,a) (8)

acA

subject to
Zp pla | w)(ur(w,a) — ug(w,b)) >0 Va,b € A. (9)
weN

Equation (9) is the receiver’s obedience condition: upon receiving recommendation a,
the receiver prefers following it to choosing any other action b.

Kamenica and Gentzkow (2011) characterize the BP outcome using the concavification
approach (Aumann and Maschler, 1995). Let Cav V: A(2) — R denote the concave enve-
lope of the value function V. The sender’s expected payoff in the equilibrium outcome is
given by the evaluation of the concave envelope at the prior: E.[us(w, a)] = Cav V (p).

The value function and its concave envelope for Example 1 are depicted in Figure 2.
The outcomes in Example 1 correspond to the BP outcomes for the respective priors: (a)
p = 0.10, (b) p = 0.30, and (¢) p = 0.70. As seen earlier, the BP outcome is efficient for
case (b), not for cases (a) or (c). Moreover, within the relative interior of each affine region,
the BP outcome has the same support of actions across all priors in that region. Hence, it
is efficient for p € [0.2,0.4] and inefficient for p € (0,0.2) U (0.4, 1).

Safe and risky actions We next study an environment with one safe action and several
risky actions. The receiver takes risky action a; only when sufficiently confident that state w;
has occurred; otherwise, he chooses the safe action ag. The sender prefers every risky action
to the safe one. A natural example is a seller who prefers making any sale to no sale, while
the buyer purchases product ¢ only when sufficiently confident that it is the best choice and
otherwise does not buy.

The action set is A = {ag,a1,...,a,}, where g is safe and ay,...,a, are risky. The
state space is 2 = {wp, w1, . ..,w,}, with a; optimal for the receiver in state w;. The sender’s
payoff is state independent: he gets ug(a;) > 0 from every risky action and ug(ag) = 0 from
the safe action. We assume that the prior p € int A(Q2) lies in the region where aq is optimal
for the receiver. To describe the receiver’s preferences more generally, we specify the set of
beliefs under which each action is optimal.

Recall that A*(q) denotes the set of receiver’s best responses given belief g. Let C; C A((Q)

denote the set of beliefs at which action a; is a receiver best response:
Ci:={qe AQ): a; € A*(q)}.
The collection P = {Cy, C4,...,C,} covers the belief space A(2). We assume:
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1. For each i =0,...,n, we have w; € C;, and C; contains an open neighborhood of w;.
2. For any distinct ¢ # j with ¢, # 0, we have C; N C; = 0.

Condition 1 ensures that action a; is optimal for beliefs sufficiently close to w;, while
Condition 2 ensures that two different risky actions are never optimal at the same belief.
Hence, for each risky action a;, the relevant boundary is where the receiver is indifferent
between a; and the safe action ag. Along each edge joining w; to wj, this indifference occurs
at a unique belief 0;; € C;, for j # i."!

To characterize the BP outcome yi, we follow Lipnowski and Mathevet (2017) and restrict

attention to policies supported on the finite set of outer points Out(P), defined as

Out(P) := {q € A(Q) : ¢ € ext(C;) whenever g € C; € P}
={wo,...,wrtU{oj:i=1,...,n, j#i}.

As shown by Lipnowski and Mathevet (2017), an optimal policy can be supported on
Out(P), and its supporting posteriors can be chosen to be affinely independent. Since the
BP outcome is generically unique, we may therefore focus on an optimal policy supported

on the outer points.

Figure 3: The belief regions and the set R, for n = 2.

We show that, whenever there are at least two risky actions, the Bayesian persuasion

outcome violates the support bound in Theorem 1 for a full-dimensional set of priors.!?

Proposition 6. Suppose n > 2. Then there ezists a full-dimensional set R, C A(Q)) such
that, generically, the BP outcome i is inefficient for every p € int R..

1 As we break ties in favor of the sender, if the belief o;; is induced, the receiver takes action a;, since
us(a;) > usg(ao).

12Throughout this subsection, genericity is understood relative to the class of payoff profiles satisfying
the maintained assumptions. These payoff restrictions do not impose the indifference conditions underlying
Theorem 1, so the genericity argument continues to apply within this class.
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For illustration, suppose n = 2 and the prior p € int R, is as shown in Figure 3. Any
signaling policy supported on the outer points must induce all three actions. Thus, an
optimal policy must assign positive weight to wy. However, it cannot assign positive weight
to w; for ¢ = 1,2. If w; were used, one could shift weight from w; to 0,9, while decreasing
the weight on wy to preserve Bayes plausibility. This increases the probability of risky
action a; at the expense of the safe action ag, thereby strictly increasing the sender’s payoff.
Consequently, either all three actions are played in state wg, or randomization occurs in at
least two states. Hence, the BP outcome is necessarily mixed and therefore violates the
support bound in Theorem 1. A similar argument extends to any number n > 2 of risky
actions and yields a full-dimensional set of priors for which the BP outcome violates the
support bound.

The previous proposition established inefficiency for a range of priors under fixed pref-
erences. We now fix the interior prior and vary the receiver’s preferences. Specifically, we
consider threshold best responses.

Consider a receiver who takes risky action a; only when his posterior belief that the state
is w; is at least T" > 0.5. A similar threshold-based persuasion environment is considered by

Aybas and Turkel (2026). The corresponding best response regions are then given by

Ci:={q€ AQ): q(w;) > T}, i=1,...,n,
Co:={qe A(Q):q(w;) <T foralli=1,...,n}.

Let Pr :={Cy,...,C,} denote the posterior cover induced by threshold T
We show that, with at least two risky actions, the BP outcome is mixed for sufficiently
high thresholds.

Proposition 7. Suppose n > 2. For every prior p € int A(2), there exists T, < 1 such that,
for every T € (T),,1), the BP outcome is generically inefficient with respect to Pr.

For illustration, suppose n = 2 and a prior p € int A(2). As T increases, the prior
eventually lies in a region where any signaling policy supported on the outer points must
induce all three actions ag, a;, and a,. By the previous arguments, for any such prior, the
Bayesian persuasion outcome must be mixed. The same logic extends to more than two
risky actions.

Together, Propositions 6 and 7 show that Bayesian persuasion outcomes are generically
inefficient across a wide range of priors and preferences within the safe and risky actions

environment.
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6 Conclusion

This paper studied Pareto efficiency in games with incomplete information. Our main obser-
vation is that excessive randomization over actions leads to inefficiency. Efficiency requires
that all state-contingent outcomes be supported by a common vector of welfare weights.
When several actions are used across states, this requirement imposes multiple indifference
conditions that generically cannot be satisfied simultaneously.

In finite state spaces, we derived a simple necessary condition for efficiency: generically,
the total number of actions played across states must be strictly less than the sum of the
number of players and the number of states. With a nonatomic prior, generically, every
efficient outcome is pure almost surely. Across the three applications, the same tension
emerges. Randomization can help satisfy incentive and equilibrium requirements, yet the

resulting indifferences are difficult to reconcile with Pareto efficiency.
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A Appendix

A.1 Proof of Proposition 1

Suppose that p is efficient. Since F), is a finite convex polytope, the efficient payoft vector

Tu(p) = max.ep, n' 2.

u(p) is supported by some strictly positive vector n € R’i 4, that is, n
Intuitively, if no strictly positive supporting vector existed, one could move from u(u) in a
direction that weakly improves all players and strictly improves at least one, contradicting
Pareto efficiency.

We claim that the same vector n supports u(u | w) in every state. Suppose not, then for
some state w*, there exists y € F- with n'y > n"u(u | w*). Replacing u(p | w*) by y and

leaving all other state-contingent payoffs unchanged gives the feasible ex-ante payoff

=pw)y+ > pwu(p|w).

wHw*

T2 > nTu(u), contradicting the maximality of u(u) over F,.

Since p(w*) > 0, we have n
Hence, u(p | w) € argmax, . n'z for every state w.

Conversely, suppose there exists n € R? , such that u(p | w) € argmax, ., n'z for every
state w. Take any feasible payoff vector z € F,. Since F, = > _op(w)F,, we can write
z =3 cqP(w)z, for some z, € F,. By state-wise optimality, n'z,, < n'u(u | w) for every

T

w. Summing over states gives n'z < n'u(p). Thus, u(u) maximizes n'x over F,. Since

n € RE | this implies that u(u) is Pareto efficient. Hence, y is efficient.

A.2 Efficiency via payoff deviations

In the following proposition, we provide a necessary and sufficient condition for an outcome
to be efficient. To check for efficiency, one must look at the possible payoff changes from

deviating to any action in each state. Define

d,(w,a) = (ul(w,a) —u(p|w), .. uk(w,a) — uk(p | w))

23



as the deviation in state w when action a is taken instead of u(w) € A(A). Let
D, = {d € R¥: d = d,(w,a) for some w € Q,a € A}
denote the set of all deviations given outcome . Let

cone(D,) := { Z Agd:Ag>0forallde Du}

deD,,

denote the cone generated by the set of deviations D,,. An outcome is efficient if and only if

no nonnegative combination of deviations across states leads to a Pareto improvement.

Proposition 8. An outcome pu:  — A(A) s efficient if and only if
cone(D,) NRE = {0}. (10)

Proof. (=) We prove by contradiction. If y is efficient, then by Proposition 1 there exists
n € R%, such that n'd < 0 for all d € D,. Suppose instead that (10) does not hold.
Then there exist non-negative coefficients (Aq)gep, With dy =3 ;cp Aad € R \ {0}. Since
n € RY,, this implies n'dy > 0. But n'dy = 37,cp, Aa(n'd) <0, a contradiction.

(<) Assume (10) holds, i.e., no nonzero nonnegative vector lies in the cone generated by
the deviations. Let B denote the k x |D,| matrix whose columns are the deviation vectors
d,(w,a). By Mangasarian’s Theorem, as stated in Perng (2017), for any real matrix B

exactly one of the following holds:

(i) There exists > 0, z # 0, such that Bz > 0, with at least one strictly positive

component.
(ii) There exists n > 0, strictly positive componentwise, such that n" B < 0.

Since case (i) is ruled out by (10), case (ii) must hold. Thus, there exists n € RY , such that
n'd <0 forall d € D,.

Fix any state w and action a € A. Then n'd,(w,a) = n" (u(w,a) —u(u | w)) < 0. Hence
n'u(w,a) < n'u(p | w) for every a € A, so u(p | w) € argmax, . n'z. The same strictly

positive n works for every state. Thus, by Proposition 1, the outcome p is efficient. [

Remark 1. For two players, the condition reduces to the following: (i) there is no deviation
with d,(w,a) > 0, strict in at least one component, and (ii) for any pair of deviations (dy, ds)
where dy benefits player 1 and dy benefits player 2, the clockwise angle between dy and dy is
at most 180°. Equivalently, d;di > 0, where d{ denotes the vector obtained by rotating d,
clockwise by 90°. In particular, if di = (x, —y) with z,y > 0, then dI = (—y,—x).
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Although the deviations d,(w, a) are written using u(u | w), efficiency depends only on the
support of the outcome, not on the exact randomization probabilities or on the interior prior.
This insight is useful for Bayesian persuasion, where the support of the equilibrium outcome
is fixed within convex regions of priors. Hence, within each such region, the efficiency status

of BP outcomes remains unchanged.

A.3 Proof of Proposition 2

Since F}, is compact and convex, an efficient payoff vector is supported by some nonzero

nonnegative vector. Hence, if p1 is efficient, there exists n € RE \ {0} such that

n'u(p) = maxn' z.

z€F)

By the support function property of the Aumann integral (Aumann, 1965; Hess, 2002),

maxn 'z = / maxn 'z dp(w). (11)
z€F) Q

In our finite action setting, this identity says that maximizing the linear functional z + n'x
over the ex-ante feasible set is equivalent to maximizing it state by state and then integrating.

Moreover,
wTul) = [ 0Tl |w)dpe),

and for every w,

nu(p | w) < %%XHT”

Combining this inequality with (11) gives

/sz [max n'e—n'uu| w)l dp(w) = 0.

QTGFUJ

The integrand is nonnegative, so it is zero p-almost surely. Therefore u(p | w) maximizes

n'z over F,, for p-almost every state w.

A.4 Prevalence argument for Theorem 2

We use the notion of finite prevalence following Hunt et al. (1992) and Anderson and Zame
(2001). A subset E of U is finitely shy if there exists a finite-dimensional subspace V' C U
such that, for every u € U,

{veV :iut+vekFE}
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has Lebesgue measure zero in V. A set is finitely prevalent if its complement is finitely shy.
Every finitely prevalent set is prevalent. Finite unions of finitely shy sets are finitely shy.
For distinct actions a,b € A, let

Eup = {u € U: there exists n € RY \ {0} such that p({w € Q:n'u(w, a) =n"u(w, b)}) > O} :

Proposition 9. Suppose p is nonatomic. Then, for any distinct actions a,b € A, the set
E,p is finitely shy.

Proof. Since p is nonatomic, there exists a measurable map T :  — [0, 1]* whose distribution
under p is uniform on [0, 1]*.

Choose distinct constants (c,)aca and define

v(w,a) = c,T(w), Vi={\w:\XeR}
Fix w € U and define

An() = u(w, a) — u(w,b) + Mea — ) T(w).

We show that, for almost every A € R and every n € R¥ \ {0},
p({w:n"dy(w) =0}) =0.
Let wy,...,w, be independently distributed according to p, and let
D = u(wr, a) — uw, b), ..., u(wr, a) — u(wg, b)]

and
X = [T(wy),...,T(wg)]

Since the columns of X are independently and uniformly distributed on [0, 1]*, X is invertible
almost surely.

For every realization for which X is invertible,
A — det(D + Ac, — ) X)

is a nonzero polynomial, since its leading coefficient is (¢, — ¢)¥ det(X) # 0. Hence, it

vanishes for only finitely many values of A. By Fubini’s theorem, for almost every A,

det [dA(wl) dA(wk)]#O
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for pk-almost every (wy, ..., wg).!3

Fix such a \. Suppose, toward a contradiction, that for some n € R% \ {0},
p({w: n'dy(w) =0}) > 0.

Then, with positive probability, the & independent vectors dy(w1), ..., dx(wg) all belong to
the hyperplane
{r e RF:n"x =0},

Hence, they are linearly dependent, contradicting the determinant condition above.

Therefore, for almost every A and every n € R \ {0},
p({w:n'dy(w)=0}) =0.
Equivalently, for every u € U,
{AeR:u+ X e E,}

has Lebesgue measure zero. Hence, E, is finitely shy. [

A.5 Proof of Proposition 3

Propositions 3 and 4 of Miralles (2012) show that the auction mechanism for k£ = 2 and the
insured auction mechanism for & > 3 reproduce the interim allocation probabilities of the
optimal allocation rule. They therefore induce the same ex-ante payoff vector, so it suffices
to establish inefficiency using these implementations.

Suppose, toward a contradiction, that the induced allocation rule is efficient. By Propo-

sition 2, there exists a common vector

such that every allocation in the support maximizes the same weighted sum of the agents’
payofts for p-almost every valuation profile.

First consider k£ = 2. Consider valuation profiles at which both agents prefer object
1, agent 1 wins the auction for object 2, and her bid is strictly between 0 and 1/2. Such
profiles occur with positive probability. The winner receives object 2 and retains positive
probability of object 1, while the losing agent also receives positive probability of object 1.

Hence, the support contains both the allocation in which agent 1 receives both objects and

13A similar scalar-perturbation and Fubini argument appears in Jahedi et al. (2022).
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the allocation in which agent 1 receives object 2 and agent 2 receives object 1.

Efficiency requires these two allocations to generate the same weighted welfare. Thus,
n1Wil = NaWai.

Since F' has a density, for any fixed nonzero n this equality cannot hold on a set of valuation
profiles of positive probability. This contradicts efficiency.

Now suppose k£ > 3. Fix an agent ¢ and consider valuation profiles at which all agents
prefer object 1 and agent ¢ wins the auction for object 2. Such profiles occur with positive
probability. Under the insured auction, object 2 is assigned to agent ¢, while every losing
agent j # 4 receives object 1 with strictly positive probability. Hence, for every j # i, the
support contains the allocation in which object 2 is assigned to ¢ and object 1 is assigned to
J-

Efficiency therefore requires, for every j, ¢ # 1,

njWji1 = NyWeq .-

Since F' has a density, these equalities can hold on a set of valuation profiles of positive
probability only if n; = 0 for every j # i. Repeating the argument with a different auction
winner implies that all components of n are zero, contradicting n # 0.

A.6 Proof of Proposition 4

We prove by contradiction. Suppose there exists an efficient cheap talk outcome p that
is not pure. By Theorem 1, for two players, generically this implies the outcome must be
quasi-pure: there is a single state w* in which exactly two actions a; and ay are played with
positive probability.

There are two cases. First, suppose there exist two messages mi,my € M such that
o(my | wo(mg | w*) > 0 and 7(- | my) # 7(- | ma). Since only a; and ay are played
with positive probability in state w*, both receiver lotteries are supported on {as,as}. The

sender’s equilibrium condition therefore implies
us(w*, a1) = ug(w*, az). (12)
For the outcome to be ex-post efficient in state w*, the receiver must also be indifferent:
up(w*,a1) = up(w*, az). (13)

Otherwise, shifting probability toward the receiver’s preferred action would make the receiver
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strictly better off without changing the sender’s payoff.

Second, suppose no two messages used in state w* induce different lotteries. Since (- | w*)
is not deterministic, the receiver must mix between a; and ay after some on-path message
m. Because the outcome is pure in every state other than w*, this message can be sent only
in state w*. Hence, the posterior after m is degenerate at w*, and the receiver’s equilibrium
condition implies (13). Ex-post efficiency then requires (12); otherwise, shifting probabil-
ity toward the sender’s preferred action would make the sender strictly better off without
changing the receiver’s payoft.

Thus, efficiency requires both the sender’s and the receiver’s indifference conditions to
hold simultaneously, which is non-generic. Therefore, generically, a cheap talk outcome is

efficient only if it is pure.

A.7 Proof of Proposition 5

(=) First, suppose that the receiver mixes after some on-path message. Let ¢ € A(f2) be
the posterior induced by this message, and let a; and as be two actions played with positive
probability, where ug(a;) > ug(az). Since both actions are receiver best responses at the
belief ¢,

Eqlur(w, a1)] = Eq[ur(w, as)].

Hence, there exists a state w* € supp(q) such that
up(w*,ar) > up(w*, as).

Both actions are played with positive probability in state w*. Therefore, shifting probability
from ay to a; strictly improves the sender’s payoff and weakly improves the receiver’s payoff.
Hence, the outcome is not ex-post efficient in state w* and therefore is not efficient.

Now suppose that the receiver takes a pure action after every on-path message. Since
the sender’s payoff is state-independent and distinct across actions, all on-path messages
must induce the same action a. Otherwise, the sender would strictly prefer a message that
induces his preferred action. Thus, the equilibrium outcome induces the same action a in
every state.

If a # a*, then, since a* is a receiver best response at some belief ¢, there exists a state
w* € supp(q) such that

up(w*,a*) > up(w*,a).

Replacing a by a* in state w* strictly improves the sender’s payoff and weakly improves the
receiver’s payoff. Hence, the outcome is not ex-post efficient and therefore is not efficient.

Thus, any efficient cheap talk outcome must induce a* with certainty.
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(<) If a* is induced with certainty, then the sender obtains his unique highest feasible

payoff. Hence, no Pareto improvement is possible, and the outcome is efficient.

A.8 Proof of Proposition 6

For each ¢ # 0, let H; be the hyperplane defined by {wo} Ujzi0 {0ji} (see Figure 3). The
hyperplane H; separates the convex set C; from C; for every j # 4,0. Let R; be the half-space
determined by H; that contains C;. For any prior p € int R;, every feasible policy supported
on Out(P) must induce the risky action a;.

Similarly, let Hy be the hyperplane defined by {019, ..., 0n0}, and let Ry be the half-space
determined by H, that contains wy. For any prior p € int Ry, every feasible policy supported
on Out(P) must induce the safe action ay.

For any distinct 7,5 # 0, let R;; := R; N R; N Ry. The set R;; is nonempty because
wo € R;j. We next show that dim R;; = dim A(Q2) = n.

The points o;; and o0;; are distinct because C;NC; = (). Let z lie in the open segment join-
ing 0;; and 0;;. Then z lies strictly in both R; and R;. Moreover, H; and H; contain wy, while
wp satisfies the inequality defining Ry strictly because Cy contains an open neighborhood of

wy. Therefore, for sufficiently small € > 0,
r. = (1 —¢)wy+ez

lies strictly in Ry, R;, and R;. A sufficiently small perturbation of z. preserves these strict
inequalities. Hence, R;; is full-dimensional.
Let O := Out(P) and let
S = U co(B).

BCO
|B|<n

Since O is finite and each set in this union has dimension at most n—1, § has empty interior.
Hence, }A%Z-j = int R;; \ S is nonempty and full-dimensional.

Fix p € EU Fix an optimal policy supported on the outer points. Since p ¢ S, any such
policy requires at least n + 1 distinct posteriors.

Since p € ﬁij, every signaling policy supported on Out(P) induces ag, a;, and a;. We
claim that an optimal policy cannot use the vertices w; or w;. Suppose, for example, that
w; is used. Since ag is induced, wy is also used. For sufficiently small ¢ > 0, reduce the
weight on w; by ¢, increase the weight on 0;y by €/0,0(w;), and reduce the weight on wy by
e0i0(wo)/0i0(w;). This preserves Bayes plausibility and replaces some probability of ag with
a;. Since ug(a;) > ug(ap), it strictly increases the sender’s payoff, contradicting optimality.

The same argument rules out w;.

30



These distinct posteriors account for at least n + 1 actions used across states. Since a;
is induced without using w;, it must be induced through some posterior o;., where r # i.
Hence, a; is played in both states w; and w,., adding one more action to the count. The same

argument for a; adds another. Therefore,

) =n+1+2=n+3=2+Q|

weN

To justify genericity within the maintained class, fix a collection of supports across states
that violates the bound in Theorem 1. As in the proof of Theorem 1, let D, collect the
associated payoff-difference vectors. Since there are two players, D, has at least two rows.
The maintained assumptions restrict the payoff profile but do not force these payoff-difference
vectors to be linearly dependent. Hence, except on a measure-zero subset of the remaining
free payoff parameters, at least two of these vectors are linearly independent. Therefore, D,
has rank two, so no strictly positive common supporting vector exists.

Thus, the BP outcome violates the support bound in Theorem 1 and is therefore gener-

i.j#0
i#j

ically inefficient. Finally, define

The set R, is full-dimensional, and the conclusion holds for every p € R,.

A.9 Proof of Proposition 7
Let g denote the intersection of the line joining wy and p with the face
Fo:={r e A(Q) : r(wy) = 0}.
For every risky action a;, the prior belongs to R; whenever
T>T :=1—q(w),

and it belongs to Ry whenever
T> T]? =1—p(wp).

Define

i=1,...,n

T, := max {1 — p(wo), 1 — min Q(wi)} :

Because p € int A(§2), we have p(wy) > 0 and g(w;) > 0 for every ¢ = 1,...,n. Hence T}, < 1.
This is illustrated in Figure 4.
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Figure 4: Threshold beliefs for n = 2.

For every T' > T,,,

n
p € int (RoﬂﬂR,) .
i=1
Hence, every policy supported on Out(Pr) induces the safe action ay and every risky action
a;.

Consider an optimal policy supported on the outer points. Since ag is induced, the
posterior wy has positive weight. Moreover, no posterior w;, ¢ # 0, can have positive weight
in an optimal policy. Indeed, replacing w; by 0;o and reducing the weight on wy preserves
Bayes plausibility and increases the probability of the risky action a; at the expense of the
safe action ag.

It follows that every risky action a; is played in at least two states. Therefore, as n > 2,

Z [ (w)] > 1+ 2n > 24 [Q].

weN

The relative genericity argument given in the proof of Proposition 6 applies here as well.

The result now follows from Theorem 1.
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